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Abstract

Static, extream pressure, phase transformations, such as thoes
which occur when graphite transforms into diamond have been stud-
ied, both experimentally and theoretically, for a long time [11]. Rel-
ativly recently, experimental evidence began appearing that similar
phase transformation also occur under extream dynamically induced
pressures. In 2000 Oscar Bruno and Dimitri Vaynblat (BV) proposed
a zero parameter a mathematical model that seems to capture ex-
treamly well much of the quantitive and qualitative data available on
these types of phase transformations [6, 7]. In the BV model a sim-
plifying assumption involving “rarefaction discontinuities” was used
along with a simple but typical, equation of state for the two phases.
Consequently their results, while matching very well, dissagree slightly
with experiment. In this paper we offer suggestions aimed at further
improving the match of the BV theory with exeperiment. The im-
provements are further explained below but can be summarized as
three main contributions that amount to 1) a mathematically correct
treatment of rarefaction fans 2) an investigation of the effects of dis-
apation to the mathematical model and 3) a study of improvements
to the equations of state.



1 Introduction

Phase transitions are common in nature, such as the solid-to-liquid (melting)
or liquid-to-gas (evaporation) changes most substances undergo as temper-
ature and/or pressure are changed. Solid-to-solid phase transitions, while
less common, also occur in nature. For example, the atomic structure of solid
graphite can change to that of diamond under sufficiently large static pres-
sures. These pressures are so large that they are difficult to achieve in static
conditions, but they can easily be produced with shock waves. The jump in
pressure carried by a strong shock wave can be large enough to promote the
required atomic rearrangements. Small quantities of diamond can indeed be
produced in this way [9, 12].

Shock—-induced solid—to—solid phase transitions occur in systems other
than the graphite-diamond one mentioned above. The a—iron to e-iron phase
transition discovered experimentally by Bancroft et al. in 1956 is another
example. Bancroft et al. detected this phase transition by measuring the
velocity of the free surface of an iron sample through which a strong shock
wave passed [2].
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Figure 1: Left: Experimental apparatus used in the 1956 experiments by Ban-
croft et al. Letter b points to the series of pins. This picture is a replica of
a similar one presented in [2]. Right: Setup for the Barker and Hollenbach
experiments. The interferometer is not displayed. This picture is a replica of the
one presented in [4].

In the experiment of Bancroft’s, a shock wave in the iron sample was



produced by an explosive charge (baratol) attached to one side of the sample
under study. The surface opposite the charge was monitored by a series of
electrical “pins”, that sequentually shorted a monitoring circit as the free
surface moved. The known spacing between consecutive pins and the mea-
sured time between electrical shorts enabled the experimenters to determine
the velocity of the free surface as a function of time. Due to fundamental
accuracy restrictions of the pin technique, extreamly accurate free surface
velocity measurements, were not possible. See figure 1 for a schematic of the
pin experimental technique.

Advances in laser interferometry technology allowed experiments of the
same type as those carried by Bancroft et al., but with much more accurate
measurements of the free surface velocity than was possible previously.

In 1974 Barker and Hollenbach performed impact experiments with an
interferometer [4]. In figure 1 we show a schematic of the apparatus used to
produce and record pressure waves in an input iron sample. The shock wave
was generated by the impact of a driver, fired from a gas gun, into the sample.
An interferometer situated on the opposite side of the sample was used to
measure very accurately any deviations to the free surface. In figure 2 we
show the experimental free surface profiles of several impacts corresponding
to different inpactor velocities.

The accuracy of these experimental plots was great enough that theo-
ratisians could begin to use them to compare against any developed the-
ory. In 2000 Dimitri Vaynblat and Oscar Bruno developed a new theoretical
model based on the mathematical theory of hyperbolic partial differential
equations. This model is much simpler than previous theoretical discrip-
tions and involves only well-known and separately measurable material con-
stants [6, 7]. The Bruno—Vaynblat model, with a simplifying assumption they
called the “rarefaction discontinuity approximation”, gives qualitatively and
quantitatively correct results for both the iron and the graphite-diamond ex-
periments, see figure 2, for a comparison between the experimental profiles
of Barker and Hollenbach and the theoretical predictions of the BV theory.
In section 2 we provide a quick review of the Bruno—Vaynblat model, please
see the papers [6, 7] for further details.

In this paper we revisit the BV model and further study the effects that
each assumptions made has on the theoretically predicted experimental pro-
files. We begin by investigating the “rarefaction discontinuity” approxima-
tion. Recognizing that the BV model can be solved exactly (numerically)
this is done and the results are compared with experiment. Second we in-
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Figure 2: Free surface velocity profiles for the a-¢ phase transition in shock
loaded iron.

Left: Experimental measurements by Barker and Hollenbach [4].

Right: Bruno—Vaynblat theoretical model, using the “rarefaction discontinuity”
approximation as found in [6].

Each curve represents a record of the free surface velocity for one experiment,
with the numbers as assigned by Barker and Hollenbach to label their experi-
ments. Only a few representative samples of their measurements are displayed
in these plots. In terms of the impactor velocity, the curves order naturally from
bottom (lowest velocity) to top (highest velocity), i.e.: as a function of increas-
ing impactor velocity, the experiments are ordered in the sequence 14, 1, 17, 6,
and 9.

The vertical axis is the free surface velocity and the horizontal axis is time scaled
by the total thickness of the sample in each experiment.

vestigate the effect the addition of viscosity has on the predicted free surface
profiles. Third and finally we consider modification to the equation of state
(the relationship between pressure (P) and specific volumn (v) and how that
modifies the predicted free surfaces. Each modification is consistant with
the base BV theory and serves as additional exploration of the phenomina
predicted.



2 Bruno—Vaynblat Theory

As mentioned in section 1, Bruno and Vaynblat proposed a new model for
the shock induced martensitic phase transformations observed in impact ex-
periments. Below we list the main assumptions implicitly or explicity stated
in their model. Please see [6, 7, 24] for more information and additional
details.

2.1 Fundamental Postulates
The Bruno—Vaynblat model is based on the following postulates:

1. Because the sample’s thickness is so much smaller than its diameter,
the problem can be formulated entirely in terms of one-dimensional
wave propagation.

2. Because of the large pressures involved in the a-€ iron phase transfor-
mation (known to be around = 10GPa), the elastic properties of iron
can be entirely neglected and only the plastic response of the mate-
rial is important [11]. This means that the stress tensor can be taken
as diagonal, and all the dynamic forcing attributed to a scalar “pres-
sure” function p, so that the full equations of solid mechanics simplify
greatly. These simplified equations turn out to have the same form as
the equations governing a compressible fluid flow see [10].

3. There is good reason to believe that a relationship of the form p =
p(v) provides a good approximation to the behavior in each phase.
Here p is the pressure and v is the specific volume. These empirical
relationships will be denoted by p“(v) for austenitic phase and p™ (v)
for the martensitic phase.

4. The transformation among phases takes place at infinite speed, when
some critical value of the pressure is reached. The critical pressures
will be denoted by pZ;, (T) for the forward transformation and p%, (T)
for the reverse transformation.

2.2 Mathematical Formulation

From assumptions 2 and 3 in subsection 2.1, the governing dynamical equa-
tions for the Bruno—Vaynblat model reduce to the conservation of mass and



momentum [10]. In an Eulerian frame of reference these are
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where p is the density, u is the particle velocity, p is the pressure, t is the time,
and z is the Eulerian spatial position. An equivalent form, in a Lagrangian
frame of reference is
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where v = 1/p is the specific volume and ¢ is the Lagrangian spatial coordi-
nate, related to the Eulerian coordinate x by

§=/zp(5:,t) az, (3)

where xy = zy(t) is the Eulerian position of a fixed mass particle.

Here we will develop the theory in terms of the Eulerian coordinate sys-
tem. A similar development, in terms of the Lagrangian coordinate system,
can be found in the appendix in ?77.

From assumption number 4 of the Bruno-Vaynblat model (see subsec-
tion 2.1), the empirical pressure function p = p(v) has the discontinuous
form ‘) o
p\v orp pcrit ’

plv) = { pY(v) forp > pl . @
See figure ?? (a) for a graph of a typical equation of state used in ??. As
specified in the BV theory we assume from now on that both pZ;, and pM.
are known constants. The specific equation of state used for either p?(v)
or pM(v) are given by:

2
PoCp T
= 5
where 7 is defined by
n=1-2_-1_%, (6)
p Vo

This form of the equation of state is known as a Mie-Griineisen equa-
tion of state. The values of the coefficients selected are fully specified in
Appendix ?7.



This equation of state is common in solid mechanics problems, for ex-
ample see [?]. This paper will use 5 as a starting point for the calculations
done here. In section 7?7 we discuss this equation of state and additional
modifications to it.

When p = p(v) is a convex smooth function with negative derivative,
the system in (1) — equivalently, in (2) — is known as the p-System, and
has been extensively studied in the mathematical literature, see [20]. In the
Bruno—Vaynblat theory, because of the switch in the equation of state at the
critical pressure, p is neither convex nor continuous, and further assumptions
are needed to have a complete theory. The mathematical consequnces of this
change in functional form of the equation of state are discussed fully in the
references [6, 7]. The main consequences of this particulare equation of state
over that of the p-System are that new waves called critical transformation
are introduced into the Riemann problem. It will be assumed for this paper
that the reader is familiar with the mathematical theory of hyperbolic equa-
tions and with the additional effects that a discontinus equation of state has
on the Riemann problem.

2.3 Bruno—Vaynblat Results

In this section we will quickly summarize some of the main results obtained
by Bruno and Vaynblat in their papers [6, 7]. What Bruno and Vaynblat
did was to consider the initial impact of the driver and sample as a Riemann
problem. Assuming an appropriate equation of state 4, equations of motion 2
and initial conditions given by:

! 1
_Jp=0 forxz<0, | v =upye forz <0,
p(a:,O)—{pTZO forz >0, and u(x,O)—{uTZO forz > 0.

(7)
With these components a mathematically closed system is obtained. We note
that solving the Riemann problem associated with 2, 4 and initial conditions
of 7 gives rise to only discontinuious waves. What Bruno and Vaynblat did at
this point was to consider a simplification aimed at restricting all Riemann
problems to result in discontinious waves. This approximation amounts to
treating all rarefaction waves, produced from any Riemann problem, not as
continious waves but as discontinuities. This approximation has been used
for sometime in the solid mechanics community and amounts to what is know
as the “rarefaction discontinuity approximation”. For comparisons further



in this paper, in figure 3 we present a superposition of the experimental and
theoretical predictions under the rarefaction discontinutiy approxmation.
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Figure 3: A superposition of the experimental and theoretical free surface ve-
locities, under the rarefaction discontinuity approximation.

It is with this approximation that the plots produced in figure 2 and
figure 3 were made.

Next we discuss observations about the experimental and theoretical plots
and directions to head for additional improvements.

2.4 Dissagreements between the BV-Theory and Ex-
periment

When one looks at the results obtained with the rarefaction discontinuity
approximation, one cannot help but be amazed by the agreement with ex-
periment. In these impact experiments the pressure jump the material ex-
periences are on the order of 10° Pa. At these large pressures the rarefac-
tion waves can hardly be considered weak. Thus it is entirely possible that
the rarefaction wave approximation is loosing some important feature of the
problem. Therefore, in the hopes of further improving the results of Bruno
and Vaynblat, we concentrate on the qualitative disagreements, between their
theoretical curves and the experimental ones. The observations made here
will then form the basis for the modifications made by this author in later



sections. In that direction, the two sets of curves, shown in figure 2 (page 4)
differ in at least the following fundamental points:

e The rarefaction discontinuity approximation produces free surface ve-
locity profiles that are “too steep”. The experimental profiles numbered
1 and 17, have a steep, but finite slope (representing the increase in
velocity achieved during the second wave). The predictions of the rar-
efaction discontinuity approximation, however, give infinite rise times
for the second wave in each experiment. The experimental curve num-
bered 1 has the most shallow rise time for the second wave, and corre-
spondingly the worst match with theory.

e The rarefaction discontinuity approximation produces corners that are
“too sharp”. The experimental profiles numbered 17 and 6 have smooth
transitions between the jump accompanying the second wave and the
limiting asymptotic velocity each assumes. The rarefaction disconti-
nuity approximation, however, gives sharp angular corners at these
locations on the graphs.

e For long times the rarefaction discontinuity approximation predicts a
constant asymptotic value of free surface velocity. Many of the exper-
imental curves have free surface velocities, however, are not constant
for large values of time.

e The initial rise of the first wave in the rarefaction discontinuity plots are
not prefixed by a tiny “toe” around the Time/Thickness of 0.2 s/km. In
the experimental plots the first jump in free surface velocity is preceded
by a relatively small jump before the Time/Thickness of 0.2 s/km, that
is not present in the theoretical plots. It is believed that this “toe”
is caused by the elastic responce of iron, while the remaining curves
are produced by iron’s plastic response 77. As was done in the Bruno-
Vaynblat papers it is only the waves propagation occurring in the plastic
iron, that is modeled and all approximations made in the paper will
neglect this toe.

The approach taken in this paper is to keep the basis of the Bruno-
Vaynblat theory of martensitic phase transformations but to add new effects
in a hope of removing some or all of the disagreements between the experi-
mental and theoretical plots mentioned above. It is felt that the disagreement



with respect to the slopes of the free surface plots, (first item mentioned),
is the most important of all affects to try and capture. One obvious point
that would need to be introduced into the theory if we are to hope for better
agreement with regards to the smoothing of wave profiles is:

A smoothing effect had to be incorporated.

It seemed obvious that the first attempt at improving the model should be
that of removing the rarefaction discontinutiy approximation and evaluating
numerically the full equations.

To fully resolve the rarefaction fans, numerical schemes were implemented.
These codes enabled the study, in a controlled environment, of the effects that
including rarefaction fans have on the free surface velocity plots.

3 Full Bruno-Vaynblat Model, Including Fans

In this section we present predictions that the full Bruno-Vaynblat theory
gives by including rarefaction fans in the different impact regimes corre-
sponding to the experimental setups of Barker and Hollenbach [4]. The com-
plete numerical flows, presented below, were constructed using two numerical
schemes:

1. A Godunov type initial value solver.

2. A new numerical scheme, called the Characterisitic Tracking Method,
developed in the course of working on this problem. The characteristic
tracking method will be further discribed on its own in an additional
paper see [23].

Both numerical schemes give the same results and we present all plots using
the characteristic tracking method as it is much better at resolving the fea-
tures of the flow. The qualitative predictions, presented here, are illustrated
with figures which resulted from numerical simulations, utilizing actual ma-
terial constants — obtained as indicated in Appendix ?7?.

In figure 4 we see a plot similar to figure 2 with rarefaction fans included.
The first natural thing to notice is that the improvement in free surface pro-
files, especially with respect to profile number 1, is slight. The reason for
the limited improvement will be explained below. It is however interesting
to remark that these plots here involve no adjustable parameters. They are
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the results of a fully consistant zero parameter mathematical model discrib-
ing martensitic phase transformations. It is remarkable that the power of
capturing the phenomina lies inherently in the Bruno-Vaynblat critical pres-
sure hypothesis and the underlying mathematics of the resulting hyperbolic
system.

We note here that due to lack of space we will focus soley on the physical
aspect of the problem, seeking additional effects that will hopefully result
in an even more realistic free surface profiles. In having this emphasis we
will be forced to ignore most of the interesting mathematics involving the
interactions of compressive and expansive simple waves under the Bruno-
Vaynblat model. Readers interested in these topics are advised to consider
the following references [6, 7, 24].
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Figure 4: Experimental and theoretical free surface velocity profiles for the a-¢
phase transition in shock loaded iron under the complete Bruno Vaynblat experi-
mental model. We note that in profiles 1 and 17 the inclusion of rarefaction fans
has rounded the corners of the free surface velocity plots some but much of the
vertical structure we were trying to elliminate still remains.

4 Additional Physical Effects

The results and dynamics of including rarefaction fans into the numerics are
presented in section 3. The inclusion of rarefaction fans into the Bruno-
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Vaynblat model gave somewhat smoother free surface profiles. It seems that
we learn that the smoothing effect of rarefaction fans are not enough to
drastically affect the free surface profiles and in order to further improve the
theory, additional smoothing of some form is needed. Three physical effects
currently neglected and that would smooth this compressive simple wave are
considered.

1. Internal dissipation maybe important. Generically there is always dis-
sipation, and this energy loss needs to be included in the model. In-
correctly modeling phase transformations as energy conserving, by not
including dissipation, could result in pictures of qualitatively the same
type as presented in figure 4. This investigation is reported on in sec-
tion 5.

2. The equation of state of austenite, while well known for pressures far
from critical, cannot be claimed to be known accurately for pressures
near or close to critical. We exploit this fact by modifying the austenitic
equation of state near the critical transformation pressure for austenite.
This modification while more indirect than other methods can lead to
smoother free surface profiles. This investigation is reported on in
chapter 7?7 section 7.

3. As discussed in section 7?7, an alternate approach to the theory of
austenitic-martensitic phase transitions is based on the idea of a relax-
ation time. These effects have been incorporated in past models, see
for instance [5, 22]. In some cases it is found that, to achieve good
agreement with experiment, a different relaxation time is required for
each experimental curve, which is not a very satisfactory situation [5].
Since several previous theoretical studies have investigated this effect,
we focused the efforts of this work on the previous two ideas. Plans
to incorporate the relaxation idea into the Bruno-Vaynblat model exist
and the results of this investigation are planned for another paper.

The next section is concerned with the implementations of several of the
ideas discussed here. We begin by considering the effect dissipation has on the
full Bruno-Vaynblat model and then look at modifications to the austenitic
equation of state.
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5 Dissipative Effects

In this section we will study the importance and effects of dissipation in
the shock induced phase transitions under consideration. First we will give
arguments indicating why dissipation may be important, then we will modify
the model equations to include dissipation in as simple a way as possible, next
we will introduce a numerical scheme to solve the modified equations, and
finally we will analyze the results from this modification.

5.1 Motivation

In this subsection we give some arguments indicating that the amount of
dissipation, in the regime of the shock induced phase transitions we consider,
may be quite large — so that it should not be neglected. These arguments
will be used as a motivation for including dissipation into the governing
equations in (2), followed by an investigation of the effect this has on the
predictions of the model.

We begin by pointing out that, after each flyer-plate experiment is fin-
ished, the target material is completely destroyed. Therefore, measurements
can only be taken of the free surface for a very short time (while the tar-
get is still in one piece). Furthermore: a full explanation of what happens
internally in the target (causing its destruction) is not known.

A hint at the motivation for the addition of viscosity can be seen by
looking at the z-t diagrams corresponding to regime B impacts (see refer-
ences [24, ?]). A possible explanation (for the destruction of the sample)
is the following: When the precursor shock propagates through the target,
it raises the sample pressure/stress from atmospheric to critical. Thus, a
region of critical austenite forms between the precursor shock and the phase
transition front (traveling behind the shock, at a slower velocity). One may
ask then: what keeps the austenite in the critical region from changing phase
right after the shock passes, and forces it to wait till the phase transition front
arrives? The explanation for this is, roughly, as follows: In iron the marten-
site phase has a volume contraction of about 20%, relative to the volume of
the austenite phase. Such contraction cannot happen at some arbitrary place
inside the material, for the volume reduction would immediately make the
pressure drop below critical (stopping the phase change). Thus, the austenite
must wait till the phase transition front (which, effectively, carries the vol-
ume reduction needed for the transformation) arrives, before it can change
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into martensite.

There is, however, a catch to the explanation at the end of the last para-
graph. Namely: it only makes sense for an ideal material, with no defects of
any kind. The reason is that defects allow the contraction needed to happen,
at the price of a fracture in the target material. Further, any such fracture
will (generally) allow more fractures to happen, the net consequence of this
being that very many fractures will develop in the target (in the region be-
tween the precursor shock and the transition front), with some amount of
phase transition occurring before the arrival of the main phase transforma-
tion front. These fractures are then the cause of the sample destruction.

Modeling at the “continuum” level of the process described in the prior
paragraph is very hard, and beyond our current level of understanding — in
fact, trying to avoid such modeling was one of the main motivations Bruno
and Vaynblat had when they developed their model. We will not attempt
to do this here, but we observe that one important consequence of this pro-
cess is that we can expect a large amount of dissipation to occur because of
it: From the view point of the transformation wave, the cracked material it
travels through is extremely dissipative. Thus we propose to include dissi-
pation into the model, and do so in as simple a way as possible. Namely:
we will take an approach similar to the one that is used in the modeling of
dissipation by turbulent fluid flows, and add an “effective” viscosity to the
governing equations — note that this viscosity is not molecular viscosity,
which is usually quite small, in fact, we expect it to be large. This “viscos-
ity” will, unfortunately, be a free parameter (which we do not know how to
measure independently). Actually, in agreement with the motivation for this
dissipative model, we will introduce two viscosities, namely: one value will
apply ahead of the precursor shock, and a second (much larger one) behind
it.

We note that this work here is the first to incorporate the idea of an
effective viscosity within the context of phase transformations. It is the very
fact that the Bruno—Vaynblat model excludes mixture regions that allows
us to treat both the effects of viscosity and phase transformation within
the context of the same model. Previous authors have used the idea of an
effective viscosity to study the dislocation density in a material [15], and
(from this point of view) our viscosity approach can be stated as postulating
an increase in the dislocation density as the result of the precursor shock
raising the pressure to critical.

An important point to be made here, is that the introduced dissipation
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does not affect the thickness of the transformation front itself. Thus, in
our modified model the shocks will no longer be modeled as discontinuities,
but the transformation fronts will still be discontinuous — see figure 5. As
mentioned in a previous paragraph the knowledge of how to incorporate
viscous flow and phase transitions under a continioum theory is beyond the
current state of understanding, thus we sweep this problem “under the rug”
and place viscosity in the regions on either side of the phase transformation.

Notice that the main effect of introducing dissipation into a hyperbolic
system is the “smearing” of the shocks, and the widening of the rarefaction
fans (see reference [25]). This, clearly, will tend to make the theoretical free
surface plots more like the experimental ones.

5.2 Dissipative Governing Equations
We modify the Eulerian equations (1), to include dissipation, as follows:

0 0 0 0 0?
—p+ — =0 — —(pu? == 8
5P T W) =0, S(pu)+ o (put+p) = pgsu, (8)
where the viscosity coefficient p is a measure of the amount of dissipation
present in the system. Equivalently, the Lagrangian equations (2) become
0 0 0 0 0 (10u
—v——u=0 — —p=p=|-=) - 9
=0 R Zp-n 2 (1) )

To study the effect that the added viscous term has on the free surface plots,
we solved numerically the Lagrangian equations in (9). In what follows we
will first present a brief discussion of the numerical algorithm used in solving
these equations, followed by a presentation of some selected results from the
numerical calculations, and finally comment on the results obtained.

We note that these equations are more complicated than they appear
upon a cursory examination. The problem appears because of the phase
transitions, across which the equation of state (relating the pressure p to the
density p) has a discontinuity. This introduces discontinuities in the flow
variables, which makes the meaning of the twice-differentiated dissipative
term not clear at the location of the phase transitions. We will deal with this
difficulty in what follows, within the context of the numerical algorithm.
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6 Dissipative Numerics

In this section we describe the motivation and discretizations used in the
numerical algorithm chosen for this problem. In section 4 of chapter 7?7,
we discussed several qualitative differences between the free surface veloc-
ity plots generated using the Bruno—Vaynblat model and the experimental
measurements of Barker and Hollenbach. Of the differences noted, the most
important disagreement was in the slope (or width) of the second wave. All
the theoretical free surface predictions (thus far) have slopes that are almost
vertical, while the experimental curves are much smoother. The greatest dis-
agreement in regards to this effect, occurs with the first experiment presented
in Barker and Hollenbach [4]. This experiment corresponds to a parameter
regime B impact (see subsection ?7). Thus, the numerical scheme is imple-
mented with the aim of solving the equations in (9) for regime B impacts.

20 T T
Domain A Domain B

X (mm)

Figure 5: Hypothetical diffusive pressure wave profile, for an impact in the
parameter regime B, plotted at a time shortly after the impact. The horizontal
axis is distance, in millimeters, measured from the point of impact. The vertical
axis is pressure, in Giga Pascals. Domain A (respectively B) is defined as all the
points to the left (respectively, to the right) of the phase transformation. Here
we see the right-facing phase transformation, present as a discontinuity, and the
right-facing shock, slightly smeared by the viscosity, both propagating towards
the free surface — located at z ~ 6 mm.
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For regime B impacts, the first Riemann problem (between the flyer and
the target) produces two right-facing waves: a precursor shock and a phase
transformation, see figure ??7. A hypothetical representation of the solution
at a time after impact, but before the precursor shock has collided with the
free surface, is shown in figure 5. There one can see the precursor shock
broadened by the dissipation: the shock is now a compression wave where
the competing effects of nonlinearity and diffusion balance each other. It is
clear from this figure that the phase transformation front divides the mate-
rial into two domains of interest: domain A (containing martensite, behind
the transformation front) and domain B (containing austenite, ahead of the
transformation front).

The natural division of the flow into separate domains, by a moving phase
transformation discontinuity, is what motivates the transformation given be-
low — in which we consider a general case, with more than one discontinuity
and more than two domains. Specifically, we derive discrete numerical equa-
tions for M domains, separated by M + 1 interfaces — including the left end
of the first domain, and the right end of the last domain (that is: the left
and the right ends of the sample, respectively). In each domain there is a
single phase, either austenite or martensite, so that a single equation of state
applies. Thus, in each domain the equations in (9) have a clear meaning,
and standard finite difference discretizations can be used. The problem is
then reduced to the question of how to solve the equations across the phase
transition fronts, where the equation of state has a discontinuous jump, and
the meaning of the equations in (9) has to be clarified.

|1|2|/\/| m |/\/M'1|M|
—— | l —
s(O=E s (1) s(D s (D s (1) s, (1) s (=€

Figure 6: Several domains separated by moving discontinuities, including the left
end of the first domain and the right end of the last domain — that is: the left
and the right sample ends, respectively. Each discontinuity is a phase transition,
and in each domain there is a constant phase, either austenite or martensite.

Consider a section of the real line from &, to g, containing M + 1 inter-
faces and M domains, as in figure 6. Assume that, as a function of time ¢,
the locations of the interfaces are given by the smooth functions & = s;(t),
where 0 < i < M, &, = so(t) corresponds to the left end of the sample, and
&r = sy (t) corresponds to the right end. Notice that we work in Lagrangian
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coordinates, where the function £ = s;(t) indicates the mass to the left of
the given interface (up to some constant, generally selected so that £, = 0),
and M; = §;(t) is the mass flux across the interface. A similar formulation
is possible in Eulerian coordinates, where the values s;(¢) and $;(t) give the
location in space and velocity of the i-th interface.

In any given domain (S,,—1(t) < € < s,,(t)), define the coordinate trans-
formation & — &, by

f - Sm—l(t) é- =8m-1 é-m =0.
m - ) h 1
¢ Sm(t) — Sm-1(t) s that E=8, <= Ep=1. (10)
Thus the m-th domain is transformed into the fixed interval [0, 1] — this is

a mathematical trick often used in free surface calculations [13]. Of course,
the functions s;(¢) are not known beforehand, so that the price we pay for
simplifying the domain of integration (eliminating the free surfaces) is to
introduce a new unknown for each domain — namely: the functions s,,(t),
1<m< M.

In each domain, we can now write the equations in (9) in terms of the
local variable &,,, using equation (10) above. Conservation of mass, the first
equation in (9), becomes

) 1 . .. 0 8
A —— ((1—£)sm—1+£sm)a—€v+a—§u]=0, (11)

and conservation of momentum, the second equation in (9), becomes

gu_(l_g)‘ém—l+£ém gu 1 2 _ H g 1%
ot Sm — Sm—1 08 Sy — Sm_1 8§p (S — Sm_1)2 06 \v O£ )’
(12)

where, to simplify the notation, we have dropped the subscript m on &,,.
Next we discretize these equations, using a finite differences staggered grid
approach.

Break up each domain 0 < ¢ < 1 into a uniform grid, with N nodes,
including the end points. Namely, let

1

be the nodes, and call the interval & < & < &1 the i-th cell — with center:
§iv1 = 5 (&i+&i41). Then, for the specific volume v (and density p = 1/v) we
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use a node centered approach, with the numerical scheme carrying the values
of the density at the nodes — i.e., the values: v(&;,t). For the velocity, on
the other hand, we use a cell centered approach, with the numerical scheme
carrying the values of the velocity at the cell centers — i.e., the values:
u(§; +%,t). It is now convenient to introduce notation to denote whether a
numerical variable is defined on nodes or cells. To be specific, when referring
to a cell centered variable, for example u, we will use a bar, as in 7. On
the other hand, a node centered variable will receive no special indication.
Thus the notation v¢ applies to the node centered value of the § derivative
of the specific volume, while v means the cell centered value of the same
thing. With these definitions we are now in a position to write down the
spatial discretization of the dissipative equations in (11) and (12) are, using
the staggered grid technique, as done in the subsections that follow.

We point out that the full discretization of the equations in (11) and (12)
will be done using the method of lines. In this method one first discretizes
the spatial derivatives, forming a semi-discrete system of equations, and then
uses an ordinary differential equation solver to discretize the time derivatives.
Following this approach, in the presentation below we first focus on obtaining
semi-discrete approximations to the governing partial differential equations,
and afterwards deal with the discretization of the time derivatives, so as to
obtain a fully discrete set of equations.

6.1 Method of Lines Applied to the Dissipative Prob-
lem

Since the method of lines applied to the equation in (11), representing con-
servation of mass, involves updating a node centered variable, v, we need
discrete versions for the spatial derivatives in the equation, centered at the
nodes. Thus we use centered differences to approximate the spatial deriva-
tives appearing in equation (11), namely:

ﬁ(§i+%7 t) - ﬁ(é-i—%vt)

ﬂv(&’t) ~ V(&ir1,t) = v(6io1, t)

P
€ 4

AL and o€ (&,t) ~ At

(14)
where we note that both expressions on the right hand side involve the natural
domain of definition of the variables involved (node centered densities and
cell centered velocities). These approximations, when used in (11), lead to

the following semi-discrete system (correct up to second order in A¢) for the
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conservation of mass

0 _ (1= &) mo1 4 &8m | V(&) — V(&1 t)
&V(&’t) N ( Sm — Sm—1 ) 2 A€
1 a(é-z'-i—%’t) - ﬂ(fi_%,t)
+ <8m — sml) A¢ . (15)

A similar process can be applied to the equation in (12), for the con-
servation of momentum. This requires updating (in time) the velocity, a
cell centered variable, so that cell centered approximations for the various
derivatives with respect to £ involved are needed. The exact discretizations
selected to do this are no more technically complicated than the ones used
above in the conservation of mass equation, but contain more terms. Thus,
to avoid displaying long formulas here, the semi-discrete equations for the
conservation of momentum are shown in appendix ?7?.

The discretizations above are, of course, valid only inside each domain —
where the relationship between p and v, as given by the equation of state,
is smooth. We need now to worry about what happens at the ends of each
domain, where two type of situations may arise: either the end of the domain
coincides with the end of the sample (i.e.: s; for i = 0 or 4 = M), or the
end of the domain corresponds to the location of a phase transition (i.e.:
s; for 0 < 4 < M). This leads to two types of boundary conditions, that
must be imposed at the domain ends, which we call (respectively) outer
boundary conditions and inner boundary conditions. We note that, in order
to consider the resolution of this problem, we can restrict the discussion to
the simpler case M = 2, when there are only two domains — such as in the
example shown in figure 5 for a typical initial condition in the parameter
regime B, where a single right-moving, discontinuous, phase transformation
front separates the martensite on the left from the austenite on the right.
In this case, as indicated in the figure caption, we will call the martensite
domain the domain A, and the austenite domain the domain B — note that
the precursor shock wave in the austenite is not a true discontinuity in the
dissipative approximation, and it is not a domain boundary.

In the numerical calculations we are not interested in computing for times
large enough that wave reflections from the back end of the impactor reach
the free surface. In the particular case of two domains, such as the one in
figure 5, this means that we can assume that the left boundary of domain A
s at negative infinity — with the right boundary at the phase transforma-
tion, located at s(¢). On the other hand, domain B is bounded on its left
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by the phase transformation front, and on its right by the free surface, at
&gr. Finally, we note that, as the flow evolves, the phase transformation
wave will change type: from a right moving phase transformation front, to a
contact discontinuity, to a left moving phase transformation front — see sub-
section ??. Thus the domain boundaries are not always phase transformation
fronts, and can even switch from being one to being a contact discontinuities,
or vice versa. Generally, the domain boundaries are just discontinuities (or
interfaces), separating the martensite phase on one side from the austenite
phase on the other.

Going back to the issue of the boundary conditions, we note that the dis-
cretizations for the conservation of mass and momentum equations in (15)
and (?7)), both require information about the specific volume and the ve-
locity one node and one cell away from the cell or node on which the time
derivative terms in the semi-discrete equation are centered. Thus these equa-
tions cannot be used sufficiently close to a boundary. In the next subsection
we discuss the additional equations used to solve for the nodes and cells near
boundaries (the inner and outer boundary conditions mentioned earlier in
this subsection).

6.2 Boundary Conditions

In this subsection we discuss the equations used to update the unknowns,
for nodes and cells, near the numerical domain boundaries. Two different
types of boundary conditions are discussed here. The first type, which we
call the outer boundary conditions, apply at the ends of the computational
domain, namely: at & and £g. The second type, which we call the inner
boundary conditions, are the conditions needed at the interfaces between the
domains. The exact conditions used at any given interface depend on the
type of discontinuity separating the domains, be it a forward transformation
front, a contact discontinuity, or a backwards transformation front. Below
we discuss these two types of boundary conditions, as used in the numerical
simulations.

6.2.1 Outer Boundary Conditions

The stencils of the semi-discrete equations, in (15) and (??), require the
specification of variables one node and one cell to either side of the node or
the cell at the stencil center. As a consequence of this fact, two boundary
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conditions are required on each outer boundary. This is consistent with the
increase in order of the model partial differential equations, due to the added
dissipative term.

To model numerically the semi-infinite nature of domain A, we argue that:
for a sufficiently large and negative value of £, the specific volume should be
constant. Thus we set v = v, at £ = &, where vy, is obtained from the
solution of the first Riemann problem (the collision of the impactor and the
flyer), a calculation that is done before the full viscous flow computation is
started. This gives one of the two boundary conditions needed on the left
end of the numerical domain.

Similarly, we argue that on the right end of domain B the specific volume
should also be a constant, i.e.: v = vg on &g, where the constant is deter-
mined by the equation p(vg) = 0. This follows because the right boundary
of domain B is a free surface, and cannot support any pressure.

Finally, to determine the second boundary condition required at each
end, we use the conservation of mass equation in (9). From this equation it
is clear that, if v is constant along a particle path & = constant, it follows
that 9

5 fu =0. (16)
This gives a second boundary condition, applicable on any £ = constant
boundary, where v is kept constant.

6.2.2 Inner Boundary Conditions

Here we will formulate the boundary conditions used at the interface between
the two domains, A and B, across which there is a jump in the equation of
state (martensite on one side and austenite on the other). First we will
consider all the unknowns/variables (at or near the interface) that cannot
be updated by either of the equations in (15) or (??), and then we will
systematically provide the extra equations needed to update their values.
We begin by considering the immediate neighborhood of the interface, and
the associated unknowns there. Figure 7 shows a schematic representation of
the situation. In this figure the interface is denoted with a cross, the nodes
with solid dots and the cell centers with open dots. There are, however, some
important clarifications that must must be made with regard with this figure:
in fact, the rightmost node of the left domain (node N in the figure), the
leftmost node of the right domain (node 1 in the figure), and the interface
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are the same point in space, but we have represented them separately in
the picture — because they play different roles in the numerical algorithm.
Similarly, there is no cell NV belonging to the left domain, nor is there a
cell 0 belonging to the right domain, but (for numerical reasons, which will
become clear in the development that follows below) these ghost cells have
been introduced in the figure. We note that, in space, the N-th (ghost) cell
of the left domain is actually to the right of the interface — it represents a
ghost extension of the state of the material phase on the left of the interface,
to the right of the interface. Similarly, in space, the 0-th (ghost) cell of the
right domain is actually to the left of the interface.

L O 8 O oy O & i L ]
N-1 N-1 N N 0 1 1 2
mass mmt | | mmt mass

houndary nodes

Figure 7: Schematic representation of the numerical grid near an interface. The
interface is indicated by a cross, the nodes by solid dots and the cell centers
by open dots. We note that, in fact, the rightmost node (i.e.: N) of the left
domain, the leftmost node (i.e.: 1) of the right domain, and the interface are
the same point in space, but (because they play different roles in the numerical
algorithm) they are represented separately in the picture. Similarly, there is no
cell N belonging to the left domain, nor is there a cell 0 belonging to the right
domain, but (for reasons, explained in the text) these ghost cells are introduced
by the numerical algorithm — they represent extensions of the material phases
on each side of the interface, to the other side. In space, the N-th (ghost) cell
of the left domain is actually to the right of the interface, and the 0-th (ghost)
cell of the right domain is actually to the left of the interface.

The representation of the numerical grid shown in figure 7 provides a
convenient way to label the unknowns around the interface. In this repre-
sentation, each node and cell center carries one unknown (the values of the
specific volume and velocity, respectively) and the interface carries two un-
knowns, namely: its Lagrangian coordinate position & = s(t), and the mass
flow across the interface M = s — both as introduced by the transformation
in (10), mapping the equations to a fixed [0, 1] grid.

To update (in time) the specific volume in the node labeled N — 1, the
formula in equation (15) can be used, since an additional cell and node exist
to either side of this node. The same statement can be made about the cell
center labeled N — 1, using the formula in equation (??). Similarly, the cell
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center labeled 1, and the node labeled 2, can be updated using the semi-
discrete formulas in (15) and (??). This still leaves six variables for which
the regular stencil used in the semi-discrete equations cannot be used, and
for which extra equations are needed. These are:

VN, UNn, S, 5, g, and V1.

The first extra equation is obtained by approximating the mass flux through
the interface (i.e.: M = §) by the finite difference formula

Sn—f—l -
S Re —————— 17
where s™ is the value of s = s(t) at time t = t,, and At = t,41 — t,

(higher order approximations for the time derivative are also possible, of
course, but this is the one that we used). The other five extra equations
will depend on the type of interface between the two domains. They are
presented in detail below in their continuous forms, and in their discretized
forms in appendix ??7. In summary: two equations follow from the Rankine-
Hugoniot jump conditions (conservation of mass and momentum across the
interface), one equation from knowledge of the specific interface type, and the
remaining two equations are obtained from a numerical extrapolation process
to be described below. There are now two cases to consider, depending on
the interface type.

Case 1: the interface is a forward or backwards transformation
front.

Two of the equations follow from the conservation of mass and momentum
across the interface, where care must be taken to include the fluxes due to
the dissipative terms. Modifying the equations in (??) to include the fluxes
due to dissipation, we get

§[v]+[ul=0 and  $§[u]— [p(v) — %(%u] =0, (18)

where the partial derivative ug must be computed without crossing the dis-
continuity — it is because of the need to compute this derivative that the
ghost cells were introduced earlier. We note that, in order to derive these

equations, we have assumed that there is no viscous contribution to the mo-
mentum flux arising from the phase transformation. Mathematically this
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means that singularities of order higher than Dirac deltas are ignored. These
singularities arise from the dissipative term in (9), because the variables are
discontinuous across the interface. After this is done, the second jump condi-
tion above in (18) guarantees the cancellation of the remaining distribution
(Dirac’s deltas) part in the momentum equation in (9).

A further condition, that is specific to transformation fronts (forward and
backwards), follows from the fact that the pressure ahead of the wave must
be at the critical value for the phase that the wave is propagating into. This
gives a third equation

py=pi™ o pi=p™, (19)
where which formula is used depends on the direction of propagation of the
interface, and the type of phase transformation.

Finally, the two remaining boundary conditions are obtained from a nu-
merical approximation. As explained above, the ghost cells are introduced
because of the need to compute the derivatives u¢ in the right equation
in (18). However, this is meaningless unless values for the velocities are pro-
vided at the ghost cell centers. A reasonable approach to doing this is to
use extrapolation of the values of the velocity, from the side the ghost cell
belongs to. We found, through experimentation with various possibilities,
that first order extrapolation gives reasonable results for this purpose. This
yields, on the uniform grids we used (see (13)), the following equations for
uy and g

Ug = 21Uy + Us and Uy =2Un_1 +Un_2- (20)

Case 2: the interface is a contact discontinuity.

In this case
ds _

dt
because no mass crosses the interface. This gives a condition specific to
contact discontinuities only. Conservation of mass and momentum now take
the simpler forms

0, (21)

[W]=0  and Pm———qzo, (22)

where the same remarks made after the equations in (18) apply. Finally, two
additional (numerical) boundary conditions are obtained by manipulation of
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the conservation of mass differential equation in (11). This equation yields,
when evaluated on the N-th node:

d 1 0

a5 g el

where we have used the fact that we have only two domains, that the node
is actually a particle path, and that $ = 0. A semi-discrete equation for vy
can now be obtained by discretizing the spatial derivative of the velocity in
this equation, using finite differences. This gives

d 1 31_1N — 41_1N_1 “+ Un_2

PR — 9AE

=0, (23)

where the velocity value at the center of the ghost cell (i.e.: uy) follows by
the same extrapolation process used in earlier in equation (20). A similar
procedure generates a semi-discrete equation for v;.

In appendix ?? we present a detailed summary of all the semi-discrete
equations used to update each node, cell, and interface (i.e.: s) at the bound-
ary between domains. The numerical scheme is completely defined once we
specify how to discretize the time derivatives. This is explained in the next
subsection.

6.3 Discretization of the Time Derivatives

In this subsection, following the method of lines approach, we finish the
construction of the viscous numerical algorithm. We do so by presenting the
strategy used to discretize the time derivatives in the in the semi-discrete
equations derived in the earlier subsections. To this end we use the §-method,
which leads to some of the most commonly used (simple) algorithms for time
integration.

The semi—discrete equations for the dissipative model can be written in
the compact vector ode form

d

SY =), (24)

where Y = Y (¢) is a vector representing the solution to the problem, and f
is the nonlinear vector function that follows upon writing the semi-discrete
equations in terms of Y. Specifically, we can write Y as a vector having one

26



block of entries per domain, with the blocks separated by the variable giving
the position of the corresponding interface s,. Furthermore, within each
block let the Y entries alternate between the node centered specific volume
values v; and the cell centered flow velocity values u,;, 1. Note that the values
of w in the ghost cells are not included in Y, since tﬁey are not evolved in
time, and are computed directly by the purely algebraic equations in (20).

Let now 0 < # < 1 be a relaxation parameter, whose value can be used
to control the accuracy and stability of the algorithm (see below). Introduce
also a time discretization, with ¢, = ¢, + At and Y" = Y (¢,,). Then the
f-method algorithm for the ode in (24) is given by

FAY",Y") = AY" — At f (Y" + 0 AY™) =0, (25)

where AY™ = Y™l — Y™ and F is defined by the formula. It is well known
that: when 6 > 1/2 this algorithm is unconditionally stable, and when 6 <
1/2 the algorithm is conditionally stable only [17]. Particular values of # give
rise to some common time integration strategies:

e ( = 0 gives the explicit forward Euler scheme.

o 0 = % gives the second-order, centered implicit trapezoidal rule (or
Crank-Nicholson).

e ) =1 leads to the backwards implicit Euler method.

In our calculations we used a value of # slightly above 1/2 (in fact § = 0.55),
to assure maximum stability and accuracy.

Given the current state Y, equation (25) is a (generally nonlinear) system
of equations for the increment vector AY™, which we solve using Newton’s
method. This requires the calculation of the Jacobian of the nonlinear vector
function F', which is a cumbersome but straightforward task — since, in fact,
F' is made up by fairly simple formulas.

We finally point out that, since the equations used at the interface change
as the interface changes type, we monitor where this changes take place, and
then adjust the formulas for the function F' and its Jacobian accordingly.

6.4 Dissipative Numerical Results

From the analysis in subsection 5.1, it is clear that we should have (at least)
three different effective viscosities: one (relatively low) in the austenite ahead
of the precursor shock, another (high) one in the critical austenite behind
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the precursor shock, and a third one in the martensite (behind the phase
transformation).

However, the main purpose in introducing dissipation is to explain the
broadening of the second rise, after the first sharp one produced by the arrival
of the precursor shock, in the free surface experimental velocity plots. It is
clear that, for this, the dominant effects will occur in the critical austenite
region, as the waves reflected back from the free surface (produced when
the precursor shock arrives) propagate into this region and interact with the
oncoming phase transformation front. Thus, a much simplified viscosity—
approach is possible: we simply use two values for the viscosity, one (valid
everywhere in space) for times before the precursor shock reaches the free
surface, and another one for the times after this event. To be specific: in
the equations in (9) we take the effective viscosity p as a piecewise constant
function of time. In this two viscosity model u = p; throughout the sample
until the precursor shock strikes the free surface. After this collision the
value of y is changed to y = uo everywhere in the sample. This simple
approach should be able to capture the main changes that the introduction
of dissipation causes on the free surface motion.

The numerical experiments we conducted with the dissipative algorithm
can thus be described as follows: the code was run with various values of the
two viscosities, and (by trial and error) these values were adjusted to have
the best fit with the experiments. It is important to point out that the same
two viscosity values were used to simultaneously find the best fit
to all the experimental curves, so that the good fits we obtained (see
figure 8) are not merely a consequence of adjusting enough free parameters.

The arguments in subsection 5.1 suggest that the “first” viscosity (the
one valid in the sample ahead of the precursor shock) should be low. This is
consistent with the experimental results, since this viscosity determines how
spread-out the precursor shock is, and the first wave in the experimental plots
is very sharp. It is only the second wave that is broad, which agrees with
the idea that it is the material behind the precursor shock that is highly
dissipative — due to the cracking induced on the crystalline structure by
local phase transformations, as explained in subsection 5.1.

The results of our investigation are summarized in figure 8, which shows
a remarkably good agreement — given the simplicity of the theory. In fitting
the values of the two viscosities, the actual process we used is as follows:
we first found the value of the (small) first viscosity, to have the best fit
between calculations and experiments for the first wave. Then the value of
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Figure 8: Comparison between the Barker and Hollenbach experiments and the
numerical solutions to the two-viscosity model, where the values of the two
viscosities (the same for all the curves) are selected to optimize the fit. The
actual viscosity values used are given in subsection 6.5.

the (large) second viscosity was found, so as to have the best fit with the
second wave. We point out that the results shown are rather insensitive to
the value of the first viscosity, in so much that we obtain good agreement
with the experiments as long as it is sufficiently small. The sensitivity to the
second viscosity is not large either, in so far as small factors (two or three)
up and down do not make much of a difference. But the order of magnitude
is pinned down with certainty.

6.5 Validity of Viscosity Value

The values of the two effective viscosities leading to the best fit curves shown
in figure 8, calculated using the process described in subsection 6.4, are

— 1 = 2
= 9Hx10Pa%c—-9Hx10P,} (26)

e = 1.27x10°Pasec = 1.27x 10*P,

where the unit used is the C'G'S unit for dynamic viscosity, the Poise. Note

that I
1p=1-8_ _o1 28
CcIm secC m secC

= 0.1 Pa sec
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and that (as a point of comparison), for water under standard conditions:
p = 10"2 P. It is also important to note that, while the values above in (26)
are the exact ones used to obtain the curves in figure 8, these curves are not
very sensitive to the particular values used — as pointed out at the end of
subsection 6.4. Thus, the three digits displayed here should not be taken
seriously, with the value of p; merely indicating an upper bound on how
large the first viscosity can be taken,! and the value of u, giving a rough idea
(within a factor of two or so) of the appropriate size for the second viscosity.

Obviously, we can interpret the process leading to (26) as that of providing
a rough measurement of the effective viscosity — or dissipation coefficient —
under the conditions of a large dynamic load produced by the precursor shock
in the experiments by Barker and Hollenbach. The natural question is now:
are these numbers reasonable? Is there agreement with other measurements,
under similar conditions, to be found in the scientific literature? Clearly,
there is no problem with the value of i; we obtained. This value should
be interpreted as merely an upper bound on what the two—viscosity model
requires for agreement with experiments, and the value is quite consistent
with the values viscosity has for most fluids under normal conditions (i.e.:
these values do not exceed u; above). The real question has to do with the
value of po, which is actually quite large (six orders of magnitude larger than
the viscosity of water, for example). We consider this issue next.

Unfortunately, due to the extreme pressures experienced by the sample,
direct measurements of the viscosity under these conditions would be very
hard, and we were unable to find any within the published literature. The
only form of iron under pressures comparable to the ones studies here dis-
cussed in the literature, is molten iron in a liquid state. Admittedly, molten
iron and solid « or € iron are drastically different phases of the same material.
Thus, in any comparison of this sort, the best we can hope to achieve is order
of magnitude agreement — which would, at least, give us some extra degree
of confidence in the numbers we obtained; or prove us wrong if no agreement
occurs.

In molten iron at the high pressures involved, experimental measurements
(again) would be very hard, and we found none published. But theoretical
calculations have been performed by a number of authors, mostly motivated
by geophysical applications. Namely: most of the Earth’s core is believed

! Clearly, with more precise data on the first wave, better values for p; would be easy
to obtain.

30



to be composed of molten iron, at a pressure about 10 times as large as the
critical pressure for the a—€ phase transformation we have been studying [14].
A determination of the viscosity of the molten core is needed, for example,
to explain the damping of radial seismic wave modes propagating in the
earth [1]. It is thus interesting to compare the value of the (second) viscosity
1o we obtained, with the theoretical predictions from the geophysical literature.

A thorough literature review of published dynamical viscosity calculations
for the Earth’s core is presented in [19]. The values reported there for the
viscosities in the outer core span 14 orders of magnitude, from 1072 P on
the lower end, to 102 P on the upper end. This huge variation is due,
in part, to the varying number of ways used to arrive at the values of the
parameter, most of which are very indirect (and probably not too reliable).
The approaches include (for example) extrapolation from values measured at
lower pressures, measurements based on the changes in the Earth’s magnetic
field over geological time scales, molecular dynamical simulations, and others.
The important fact for us, however, is that the value of ps reported in (26)
1s in the middle of this range.

A second source of measurements, that we can use as a comparison check
with our value for the second viscosity, is provided by the measurements of
effective viscosities based on shock propagation experiments (without phase
transitions) in solids [3, 16, 18, 21]. For example, Band [3] used the approach
of comparing the analytic viscous profile for a shock wave with the exper-
imental profile, to obtain a value for the viscosity. Typical values for the
viscosities obtained by these approaches are exemplified by the values (for
aluminum) given by Prieto et al. [16] at 1.4x 103 P, and by Sakharov et al. [18]
at 2 x 10*P. Both of these values are not too far away from the one for j,
in (26) — with a close match not expected, since these shock experiments
were done either for materials not exhibiting phase transformations, or with
(relatively small) pressure jumps that do not result in a phase transformation.

7 Equation of State Modifications

In this section we consider an alternate physical means by which the Bruno-
Vaynblat model could be modified to give more realistic free surface velocity
plots, for impacts in regime B. As stated above, a modification to the austen-
ite equation of state could be made in hopes of effecting the free surface.
When one looks at figure ?? (a) on page ??, one sees that the width of the
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reflected fan, WL, is quite narrow. In all of the regime B cases this left-facing
rarefaction wave is traveling into a region of austenite at its critical pressure.
Along its path this rarefaction fan collides with the phase transformation
wave, WlR’b. One of the results of the ensuing interaction is a reflected com-
posite simple wave called W, see subsection ?7. It is this composite wave,
that collides with the free surface and affects the free surface velocity plots.
In fact when this wave reaches the free surface a second jump in velocity is
recorded. Experiments suggest that the second wave should be “smooth”,
and one speculates that this might happen if the rarefaction wave W.' were
not so narrow.

As mentioned in section 3, the speed of the head of the leading edge
of the W wave is given by the derivative of the equation of state at the
critical pressure of austenite (also see equation (27) of this section). This
speed, and therefore the equation of state, plays a very influential role in
determining the thickness of the reflected fan, W', and correspondingly the
size of the interaction region that forms when this rarefaction fan collides
with the forward phase transformation. Intuitively the larger the width of
this reflected fan the larger the interaction region and therefore the larger the
reflected composite simple wave, . that is sent towards the free surface, see
subsection ?? regime B. In contrast to what happens with a Mie-Griineisen
equation of state, if the reflected composite simple wave, W%, is significantly
wide it might not break before it reaches the free surface and the resulting free
surface profile for the second wave would not be so steep, see subsection ?7?.
If we can prevent shock formation in the W} simple wave we might have a
chance at improving the agreement between theory and experiment.

To investigate the effect the austenite equation of state has on the free
surface (through the means mentioned above) we modified the equation of
state slightly in a neighborhood of the critical pressure pZ;. The attempt
was to increase the speed of sound at this point and correspondingly the
speed of the head of the reflected rarefaction fan. The speed of sound in an
Eulerian coordinate system is given by

= —V2d—p : (27)

dv
From this expression we see that in order to increase the value of the sound
speed we need to decrease the value of p/(v) at the critical volume. We note
in passing that the definition of the sound speed at critical is somewhat am-
biguous. Mathematically, it is proportional to p'(v) as in equation (27). For
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Figure 9: Space time plot of the reflected fan, computed with Mie-Gruneisen
equation of state, interacting with the phase transformation wave in a typical
regime B situation.

the p(v) relationship used to investigate phase transformations, however, the
analytical description of the v-p relationship changes at this critical value, see
equation (4). Thus this derivative at critical can only be defined using one-
sided limits. Physically the speed of sound should correspond to the speed
at which small disturbances, expansive or compressive propagate. When the
pressure is critical, however, the material cannot be compressed any further
without a phase transformation. To expect this one-sided limit of the slope
of the Mie-Griineisen equation of state to be an accurate representation of
the sound speed would be naive. In fact, the equation of state near the region
in which the actual phase transformation takes place is very poorly under-
stood overall. Small modifications to the equation of state in the region near
the forward transformation pressure of austenite would certainly be beyond
experimental error.

The Mie-Griineisen equation of state, used in all the sections of this the-
sis as an equation of state for both austenite and martensite (until now),
consisted of the following functional form for the pressure as a function of
volume, see appendix 77

— onal n(v)
plv) = por s (28)
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Here py, ag, and s are material dependent constants and 7 is the fractional
volume change from some reference state v, or

_ Vo—V A%

n) =t =1 (29)

The value of ¥( is normally taken to be the specific volume of austenite at zero
pressure, or Vo = 1/py = vo. We see that n > 0 corresponds to compression
of this volume and n < 0 corresponds to expansion. The variable n will be
used to simplify the presentation whenever possible.

Rather than modify the existing austenite Mie-Griineisen equation of
state given above, we will construct a new one that is not very different
from the original. The new equation of state will enable better control over
the slope at critical. In constructing this new equation of state for austenite
the following, well established criterion, must be satisfied.

1. p(vg) = 0. The pressure at the rest state for austenite must be zero.
2. —v2 3—5 = c2. Here ¢ is the well documented sound speed in austenite

Vo
at the reference volume vy.

3. P(Verit) = Peris- The pressure at the known critical volume is the known
critical pressure.

4. p'(v) < 0. The pressure increases with decreasing specific volume.
5. p(v) > 0. The pressure is a convex function.

These last two criteria are required from purely thermodynamic constraints
on the equation of state, see for example [8, p. 5]. While satisfying all of
these requirements we would like to be able to make the sound speed at
critical as large as possible. The sound speed at critical can be written as

dp dp

2 2 2

Corit = —V = =vo(l- — , 30
crit dv Verts 0( 77) dn Hesit ( )
and an equivalent statement to maximizing c. is to maximize g—’"’ Tesiv- 1O

achieve control over the slope of p'(n) at critical, we took a p = p(n) equation
of state of the following form

(M—nerit)

p(n) =a+be"+ce < . (31)
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Figure 10: On the left, comparison of the Mie-Gruneisen equation of state with

the exponential one proposed in equation (31). On the right, space-time wave
diagrams for an impact in regime B for the a—e phase transition in iron, done

using the modified equation of state in equation (31).

Requiring conditions 1, 2, and 3 from the above list gives three equations for

the three unknowns a, b, and c. These equations can be easily solved. With
these three coefficients now determined in terms of known quantities we see

(32)

that pl(ncrit) iS given by
c W :bencrit+f’
€

pl(ncrit) =be" +-e
€ Nerit
and smaller values of e give larger values of p'(nei) and correspondingly

greater values for the sound speed. The value of € is modified to increase the
width of the reflected rarefaction fan. The value of ¢ we used in the equation

of state is 1.5 x 1073,

For comparison, we plot the p(n) formula of the austenite Mie-Griineisen
equation of state and equation (31) in figure 10 (left). Notice that the two
curves generally agree over a fairly long range of n’s but begin to diverge
as we approach the critical pressure. We see that the sound speed of the
modified equation of state increases greatly over that of the Mie-Griineisen

equation of state at the critical pressure.
In figure 10, we present the (z, t)-diagram, for the first experiment consid-
ered by Barker and Hollenbach, see reference [4]. We note that the reflected
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Figure 11: Comparison between Barker and Hollenbach experiments experimen-
tal free surface profiles and theoretical free surface profiles predicted from equa-
tion (31).

rarefaction fan is indeed much larger when compared with those obtained
with the Mie-Griineisen equation of state (compare with figure ??). We can
also see from this figure that the increase in sound speed brought about by
this equation of state does indeed widen the mixed simple wave reflected
off the phase transformation, or wave Wi. In fact this mixed simple wave
is now wide enough that it does not break on its way to the free surface.
This in contrast to the behavior predicted to arise from a Mie-Griineisen
equation of state. This indicates that the approach used in this section does
indeed have the correct general effect on the behavior, though (as the next
paragraph makes clear) it is not enough to provide a complete agreement
with the experimental data. More work along this lines is needed, proba-
bly incorporating both the ideas hear and the two-viscosity approach used
earlier.

In figure 11 one sees the effect the modified equation of state has on three
representative free surface plots that correspond to regime B impacts. The
interesting result seen here is that the curvature of the theoretical plots near
the beginning of the second wave matches very well with the experimental
ones. The agreement between the two sets of curves in the second wave is
not as good for later times. The fact that the agreement between theoretical
and experimental curves improved so much in the initial region may be an
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indication that more investigation into the equation of state near the critical
pressure of austenite is warranted.

In the following chapter we present a new numerical scheme developed in
the course of working on this problem and used in the presentation of many
of the results in this chapter.
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