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Abstract

In this paper we develop a new method for the numerical solution
of hyperbolic systems of conservation laws in 1-D, which we call the
Characteristic Tracking Method (CTM). The CTM has several im-
portant advantages over other numerical methods currently in use.
Specifically, the CTM gives one grid point resolution of discontinuity
waves (shocks, contacts, etc), rarefaction fan edges, and boundaries
between simple waves of different types. This last property, the abil-
ity to capture C' discontinuities to the accuracy of a single grid point
is, to the authors knowledge, beyond the reach of current numerical
methods. In addition, the CTM both (i) does not generate spuri-
ous waves as discontinuities travel through the numerical grid, and
(ii) preserves linearly degenerate waves (like contact discontinuities)

sharp, without any spreading.



1 Introduction

In this paper we report on a new method for the solution of hyperbolic sys-
tems of conservation laws in 1-D, which we call the Characteristic Tracking
Method (CTM). The CTM was developed during the investigation of a prob-
lem involving martensitic phase transitions in solids [3, 4, 51]. There the need
arose for accurate calculations of the interactions between rarefaction fans
and discontinuous waves — such as shocks, contact discontinuities, and phase
transformations. The Characteristic Tracking Method has several important
advantages over other methods currently in existence for the numerical solu-
tion of nonlinear hyperbolic systems of conservation laws. The CTM is very
accurate at following interfaces between regions, since it resolves disconti-
nuities, fan edges, and boundaries between simple waves of different types'
“exactly”. By this we mean that the CTM is able to specify, at each time
step (to within the resolution of the method) exactly where any discontinuous
wave is located. There is no smearing of waves such as shocks, contacts, and
rarefaction fan edges. We found that the CTM performs extremely well in
practice. A bullet-summary of the algorithm follows. A detailed description

can be found in section 4 of this paper.

ae The CTM is an event-driven algorithm, where the “time steps” span the
interval between wave interactions — in between, each wave is followed
“exactly” with a moving numerical grid (one node per wave).

be At each event, a (single) Riemann problem [27] (at the location of the
interacting waves) is solved, and the interacting waves are replaced by
the new waves produced by the solution of the Riemann problem.

ce Only at initialization must a Riemann problem be solved at each node
of the computational grid. At this time the initial data are discretized

in the same way as for standard Godunov-type schemes [27], and the

!Boundaries of this last type occur in the investigations reported in the papers [3, 4, 51]
cited earlier.



initial set of waves is produced by solving a Riemann problem at each
node.

de For (a-c) above to be possible, all the waves produced by the solution
of each Riemann problem must be “discrete”. Thus, the CTM uses a
Discretized Riemann Solver, where “continuous” waves (i.e. expansion
fans) are replaced by a set of many “discrete” waves (each a small
discontinuity).

ee In regards to (d), we note that “standard” Godunov-type schemes use
a full Riemann solver, whose solution they must discretize at each time
step. This they do by (effectively) averaging the Riemann solver answer
over the numerical cells. On the other hand, the CTM uses a Riemann
solver whose output is discrete to begin with, avoids the need to average
its answer, and thus eliminates wave smearing.

fe Because the numerical grid follows the waves (there is no real grid,
just a tracking of where the waves are), the typical noise generated
by wave-grid interactions [6, 30, 54] is avoided. In the same fashion,
because the wave-wave interactions are solved explicitly, no numerical
noise [12, 48] arises from them either. Finally, no spreading of linearly

degenerate waves (such as contacts [10, 13, 16]) occurs.

The description above applies to what we may call a “pure” CTM strategy.
A potential drawback to worry about for such a strategy is the possibility
of wave interaction proliferation, where the wave interactions become
too frequent and the time steps tinny. Even though the method can tolerate
much smaller time steps than a standard Godunov-type scheme,? there is a
point at which efficiency would be badly affected. At any rate, it is clear
that

ge There are situations where wave interaction proliferation is not a prob-

lem, and where the CTM is very efficient, and accurate. An example

2Since at every time step a single Riemann problem must be solved, as opposed to one
at every numerical node.



of this occurs in the application that motivated the development of the
algorithm [3, 4, 51].

he In cases where wave interaction proliferation is a problem, one can
switch to a mixed strategy, where the CTM approach is only used for
the waves of “interest” (say: as determined by some threshold value
for their strength), and elsewhere a “standard” scheme is used. Since
the standard scheme would only have to deal with the regions where

the solutions are smooth, it could be rather simple.

These are issues that we are currently investigating, and will be reported
elsewhere. In this paper we will restrict the description to that of a pure CTM
scheme. Furthermore, we will describe the scheme in its simplest setting only.

Namely:

ie For a 2 x 2 system, where the existence of a complete set of Riemann
invariants introduces a considerable simplification into the structure of
the Discrete Riemann Solver.

je For the case of a first-order scheme, where the numerical solution is
piece-wise constant (constant between numerical nodes, with possible

jumps at the nodes).

Modifications to the method needed when phase transitions occur will be
presented elsewhere [52]. We are currently working on developing Discrete
Riemann Solvers for cases where Riemann invariants are not available [49, 50]
— e.g. the Euler equations of gas dynamics. As for higher order versions
of the method, we believe that they can be done using ideas analogous to
the ones that were succesful in extending the first order Godunov scheme to
higher orders [5, 6, 45, 46, 47]. Unfortunately, we do not foresee any extension
to more than 1-D.

The structure of this paper is as follows: in section 2 we present a brief
history of the research that has been done on the numerical computation of

solutions to nonlinear hyperbolic systems of conservation laws. In section 3
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we present a brief overview of the mathematical equations chosen here to
demonstrate the features of the characteristic tracking method. In section 4
we describe fully the CTM algorithm. In section 5 we present some results
of the characteristic tracking method. Finally, section 6 has the conclusions

and suggestions for additional work.

2 Prior work

Numerical methods for systems of nonlinear hyperbolic conservation laws
have along history. The methods of Courant et al. [8] and Lax and Friedrichs [22],
developed in the early 1950s, stand out as one of the earliest attempts at the
numerical solution of problems of this type. Since then a large number of
schemes have been developed.

The early approaches relied on the application of finite difference tech-
niques. Of particular importance is the pioneering work of Lax and Wen-
droff [23, 24, 25] on space—centered schemes. This work lead to several
centered three—point schemes for one—dimensional hyperbolic equations, a
popular one being that of MacCormack [29].

Later on finite difference methods more closely related to the physi-
cal propagation properties of the equations were derived. These are non-—
space—centered schemes, known as upwind schemes (since they bias the fi-
nite differences to attempt to capture the propagation of information via the
characteristics). The first explicit upwind scheme appeared in the work of
Courant et al. [8]. Since then several extensions have appeared [36]. The
flux vector splitting methods of Steger and Warming [44] and van Leer [26]
can be considered upwind methods due to their directional discretization of
the flux derivatives.

A very different, and original, approach to the numerical solution of non-
linear hyperbolic problems was taken by Godunov [12]. He approached the

solution to the global problem by solving many local Riemann problems. The



use of an exact nonlinear solution to locally approximate the flow has lead to
a host of schemes that introduce different Riemann solvers [11, 33, 37, 38|.
The original scheme by Godunov was only first order, but it has been suc-
cessfully extended to higher orders [5, 6, 14, 15, 17, 19, 20, 46, 47].

The principal difficulty encountered in the numerical solution of nonlinear
hyperbolic systems stems from the fact that the mathematical equations
themselves can develop discontinuities in finite time, even if starting from
smooth initial conditions [27]. These discontinuities (e.g. shocks and contact
discontinuities) are notoriously hard to resolve numerically. Most of the
schemes described above suffer their greatest difficulties near the locations
of these moving interfaces. The numerical problems involved range from
miscalculation of their speeds, to non-physical oscillations present before or
after their location, to excessive smearing of the wave profiles. In addition,
small parasitic oscillations are generated as discontinuous waves (e.g. shocks)
move through the numerical grid — or when wave interactions occur [6, 12,
30, 48, 54].

Many numerical schemes have been invented to correct the problems men-
tioned above. One classic idea, aimed specifically at correcting the oscilla-
tions generated by a shock, is to introduce a non—physical viscosity into the
governing equations themselves [32]. Another approach aims at preventing
the generation of numerical oscillations before they occur. This approach is
based on the concept of non-linear limiters, introduced by Boris and Book [2]
and van Leer [45]. This work eventually lead to the concept of total variation
diminishing (TVD) schemes, first introduced by Harten [14]. Many of these
classical ideas and concepts are discussed in LeVeque’s book [27].

One difficulty with the approach proposed by van Leer [45, 46, 47] for
the generation of high order Godunov schemes, is that the complexity of
the algorithm grows rapidly with the order — to our knowledge, nothing
higher than second order [6] has ever been implemented for realistic phys-

ical systems. The problem stems from the add hoc ”switches” that must



be used to prevent the generation of oscillations (near discontinuities) by the
cell-interpolating polynomials, which rapidly become extremely complicated.
A way around this difficulty is provided by the Essentially Non-Oscillatory
(ENO) schemes, that were proposed and developed by Chakravarthy, En-
quist, Harten, and Osher [16, 17, 19, 20, 41, 42|. For each computational
cell, ENO methods consider several neighboring cells, and choose to repre-
sent the dependent variables by the interpolating polynomial that has the
least oscillation over all possible choices (up to a fixed order). This allows
the generation of high order schemes with relative ease, as the complexity of
the algorithms grows much less rapidly than with the van Leer approach to
higher order Godunov schemes.

A variant of ENO are the WENO (for Weighted ENO) schemes [21, 28, 40]
— where [40] is a survey article for both ENO and WENO. These methods
combine the results obtained when using all possible stencils, rather than
choosing only one. A weighted combination of the results from all stencils is
used, using weights that select smoother approximations.

Finally, we should mention the vital and important level set techniques [34,
35, 39]. These methods are ideally suited for the numerical computations of
interfaces (e.g. shock fronts), and include the ability to break propagating
fronts into many pieces (if required) as the flow evolves. These, however, are
eminently multi-dimensional computational techniques, and are not relevant
to the subject of our discussion here.

A numerical approach that motivated much of the work presented here
is that of Harten and Hyman [18]. Harten and Hyman developed a scheme
where the strong shocks are tracked by some of the points in the numerical
grid, with the remaining grid points stationary. In this fashion they are able
to get shock resolutions of one grid point. However, their approach breaks
down when wave interactions occur.

None of the methods described above captures rarefaction wave edges. In

addition, all have trouble with contacts — which are “smeared” over several



numerical grid points, with the amount of smearing growing with time. This
difficulty arises because contacts are linearly degenerate, so that there is no
nonlinear “sharpening” to counteract the (always present) numerical viscos-
ity. The first attempt to curb this diffusion of the contact discontinuities was
made by Harten [13], the idea being to numerically destroy the linear degen-
eracy of the waves — by introducing a (numerical) steepening mechanism.
An algorithm introducing this idea (within the context of ENO schemes for
the Euler equations of gas dynamics) was developed by E and Young in [10].

Artificial steepening of contacts requires extreme care with implementa-
tion, so as not to generate non-physical discontinuities — say, by applying
too much artificial convergence of the characteristics in places where it is
not needed at all. Another drawback is that (in the inviscid Euler equations)
shocks should be the only structures capable of mechanical energy dissipation
and entropy production; but this approach makes the contacts into shock-like
structures, potentially capable of dissipation and entropy production.

A different approach to the problem of contact smearing, also introduced
by Harten [16], is that of subcell resolution. The main idea here is to detect
the presence of a contact discontinuity (from the local information about the
flow provided by the numerical scheme), and then use this information so it
is propagated without smearing. The “subcell” in the name of the approach
stems from the fact that knowledge of the location of the detected contact
implies the need to infer information about events at a resolution higher than
that provided by the numerical cell size. Our approach eliminates the need
to infer subcell resolution information, by making sure that the waves are
always at a numerical node — or rather: that a node is always where the

wave is.
Basic ideal requirements for an optimal scheme.

Based on the discussion above, we list here some simple idealized require-
ments that an “optimal” numerical scheme for nonlinear hyperbolic systems

of conservation laws should satisfy.



1 e Detection and resolution of discontinuities as they are created, auto-
matically, without user intervention or a priori knowledge of the solu-
tion to the equations.

2 e Resolution of discontinuities should be as exact as possible — meaning
that as few computational grid points as feasible should be used for
each discontinuity (ideally: one).

3 e No non-physical oscillations should be generated by the propagation (or
interaction) of discontinuities. This is particularly problematic if the
noise generated “detaches” from the wave, and acquires independent
status as a numerical noise wave.

4 e Discontinuities must propagate with the correct physical speeds — i.e.
they must satisfy the Rankine-Hugoniot conditions.

5e Conservation of all the appropriate quantities (mass, momentum, etc)

should occur.

Obviously, 3-5 need not apply strictly, and errors can be tolerated, as long
as they are small (and remain so). The characteristic tracking method de-
veloped in this paper satisfies all of the above requirements for the numerical
solution of one-dimensional nonlinear hyperbolic conservation laws, as well as
some additional requirements that are not listed. For instance, in the exam-
ple that motivated the development of the algorithm [3, 4, 51], the presence
of a non-convex equation of state can produce an expanding simple wave
region with a common space-time boundary with a compressive simple wave

3. The CTM algorithm can track this boundary accurately — which

region
turns out to be very important for a proper treatment of the physics of the
problem.

In the next section we present the mathematical equations that will be
used to describe the CTM. At mentioned in the introduction (see items i and

j there), in this paper we will present the method for the simplest setting —

3For an complete description of such a situation see [3, 4, 31, 43, 51].



which is very close to the situation that motivated the development of the

method (save for the fact that we will not include phase transitions here).

3 Mathematical Equations

As mentioned in the introduction?, in this paper we describe the CTM algo-
rithm as it applies to the simplest setting of a 2 x 2 system of equations. For
this purpose we use the p-System [43], which (in Eulerian coordinates) has

the form:

0 0 0 0
5P+ g, P =0, at(pU)Jra—(pu +p)=0. (1)

Here p is the density, u is the flow velocity, p is the pressure, and the equations
represent the conservation of mass and momentum. The system is closed by

an equation of state, relating the pressure to the density:

p=p(p) or p=p(v), (2)

where v = 1/p is the specific volume. On the other hand, in Lagrangian

mass—coordinates, the p-System is given by:

o 0 (9 8

where the Lagrangian mass-coordinate £ is related to the Eulerian space

coordinate by:

2x—u and —zx=vV (4)

ot o€
The Euler equations of gas dynamics reduce to the p-System [53] under the
assumption of constant entropy. The equations also appear in 1-D nonlinear

elasticity [9], where T' = —p is the stress. They have also been used to model

4See item i there.
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flyer-plate experiments [9] — the main subject [3, 4, 51] that motivated the
derivation of the CTM.
For materials under normal conditions (i.e. no phase transitions) the

equation of state is convex, with
=-—->0, and —— >0, (5)

where ¢ = ¢(p) > 0 is the sound speed. We will assume this in here, and
will use the equations in their Eulerian form. The convexity condition is,

5

typically, violated when a phase transition occurs® — see subsection 3.2.

An extension of the algorithm to include phase transitions will appear else-
where [52].

3.1 Some useful formulas

For completeness, we list some well known (but useful) facts and formulas
for the p-System [7].

Rankine-Hugoniot jump conditions:
—S[pl+[pu]=0, and  —S[pu]+[pu’+p]=0, (6)

where S is the speed of the discontinuity, and the brackets denote the jumps
in the enclosed variables across the discontinuity. Alternatively, in terms of

the relative flow velocity U = u — S,
[pU] =0, and [pU”+p] =0. (7)

A useful formula that follows from (6), upon elimination of S from the equa-
tions, is:
[p][v]=~[u]'=~[U]. (8)
5As happens in the problem that motivated the development of the CTM [3, 4, 51].
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At shocks U # 0, and at contacts U = 0 — in the p-System contacts occur at
material interfaces, where the equation of state (2) changes: from p = p%(v)

on one side, to p = p%(v) on the other.

Entropy condition at a shock:

Shocks must be compressive. Thus, for a right shock:
0>Up,>Ug, pr>pr, pL>pr, and vy <Vg, 9)

where the subscripts R and L denote the states to the right and left of the
shock, respectively. For a left shock: 0 < Ur < Up, and the other inequalities

are reversed.

Riemann invariants (for continuous solutions):

left invariant: s = —s(u—1), constant along dz/dt=u—c=\p,

NI N

right invariant: r = 4+ (u+1), constant along dz/dt=u+c= g,

(10)
where [ = [(p) is defined by:

umaﬁ

with pg (resp. po) some arbitrary reference pressure (resp. density). Some-

D
ao= [P, (11)
y4

) PC

T Io

times it is convenient to use s and r as the dependent variables, instead of u

and p.

Simple wave:
In a simple wave, one of the Riemann invariants is constant. For example,

in a right simple wave s = s, is constant. Then:

u=1—2s,, r=1—58,, Ag=1l+c—2s,, and p, (12)

12



are all strictly monotone increasing functions of p. A similar property holds

for a left simple wave.

3.2 Equation of State for Martensitic Phase Transfor-

mations

Here we describe the specific pressure-volume relationship used in our in-
vestigation of martensitic phase transformations [3, 4, 51] — where convexity

fails to apply. This equation of state is given by (see figure 1 for a graph):

pA(v) for p < ply,
p={" ¥ (13)
p (V) fOI‘ p > Perit

where p? = pA(v) and p™ = pM(v) are both convex functions satisfying
standard thermodynamic constraints [7] — see below, equation (14). The

threshold pressures (pZ;, and p2%,) are known constants. Furthermore p2; >

pM | with the corresponding densities satisfying v, < v
This equation of state models phase transitions between two states (Austen-
ite and Martensite, described by p(v) and p™(v), respectively). The tran-

sitions occur at different pressures:

e As the material is compressed, from Austenite to Martensite, at p =

pl.. — with a sudden increase in density.

e As the pressure is lowered, from Martensite to Austenite, at p = pM, -

with a sudden decrease in density.

Away from the phase transition, each material (phase) satisfies a pressure—
volume relationship given by its own thermodynamically stable (and con-

vex) equation of state. The functions p*(v) and p™ (v) are given by a Mie-

13



Figure 1: Plots of the equation of state in (13 — 14), with the constants
given in table 1. The plot on the right is an enlargement of the region near
the phase transformation thresholds.

Griineisen [9] equation of state:

2
po ag N(v) . Po v
p(V) = ——m, with vij=1-—=1——, 14

A (R =t m ey W
where ag, s, and py are known constants. Table 1 gives the values of the
various constants for the a—e phase transition in iron. Figure 1 gives a

graphical example of equation (13).

Po ¢ s Perit
Phase | (kg/m®) | (m/s) | unitless (Pa)

o-iron | 7874 | 4630 | 1.33 | 13.38 x 10°
€-iron 7874 3200 2.30 9.00 x 10°

Table 1: Material constants used in the equation of state for o and € iron.

Using this equation of state, we will demonstrate the CTM’s ability to track
phase transformation fronts, and the boundaries between simple waves of dif-

ferent compressibilities [3, 4, 51] — see also section 5. Even though we will
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not consider here situations where phase transformations occur®

, We point
out that incorporating them into the algorithm is rather simple conceptu-
ally [52] (albeit a bit cumbersome). The restriction of no phase transforma-
tions amounts to assuming either that p*(v) = pM(v) in equation (13), or
that p > p™. everywhere and for every time, or that p < pZ;, everywhere
and for every time. Thus, only shocks and rarefaction waves will appear in
the solution. In fact, we will also incorporate contacts, by allowing regions
with different material properties. Effectively, the equation of state in (2)
will be function of the material coordinate: p = p(v,&), but with a rather

simple dependence on £ (piece-wise constant).

4 Description of the Algorithm

In this section we fill in the details for the bullet description of the algorithm
given in section 1 (items a—f). The main issue to consider is the Discrete
Riemann Solver used by the CTM, which is at the core of the algorithm.
Since standard Riemann solvers for the p-System are well known, we will
concentrate mostly on the differences with them. The (first order) algorithm

works as follows”:

1e Computational grid.
The CTM uses an irregular, moving grid. The computational domain
is divided into several (not necessarily equal) consecutive intervals (the
cells), whose end points are the nodes. Specifically, let 2o = zo(t) <
Ty = Tp(t) < Ty = Tpia(t) < ... xy = zn(t) be the nodes, where
the computational domain is the interval® zy < x < xy, and the n-th

cell is the interval z,_; < x < x,. For a first order method, such as

6The wave dynamics in this case has the interesting feature that phase transformation
fronts can change “type” as the result of the interactions with other waves.

"The CTM is a close cousin of the Godunov-type methods [12, 27], but there are
important differences.

8Boundary conditions may be needed at zo and/or zx.
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the one that we will describe here, the numerical solution is constant
on each cell. We point out that the number of nodes N changes during

the course of the computation.

Discrete Riemann Solver.

The Discrete Riemann Solver (DRS) is an approximate Riemann solver,
whose output is discretized. To be precise, consider an arbitrary Rie-
mann problem [27] to be solved. Then the output of the DRS is an
(approximate) solution consisting of a set of waves (discontinuities)
traveling at speeds wy < ... < w; < ... < wyy, separated by constant
states (p;, u;), 0 <4 < M. In a DRS, the expansion fans (that can arise
in the solution to a Riemann problem) are replaced by a set of small
discontinuities — separated by constant states. The maximum size
Aprs of these discontinuities is a numerical parameter — see item 11.
The strategy used by the DRS to deal with expansions fans is the only
way in which it differs from a standard Riemann solver. Thus, this is

the only point on which we will expand (see subsection 4.1).

Algorithm initialization.

The initial conditions for the algorithm must be provided as a piece-
wise constant function, over a grid such as the one described in item 1
above. To start the CTM, a Riemann problem is solved at each node
of the initial grid — using the DRS. Each DRS solution gives rise to a
set of waves, and each wave (moving at a known velocity, from a known
starting point) gets a node assigned to it. This creates the initial set
of waves with which the CTM operates. Further details relevant to the

algorithm initialization are given in subsection 4.2, item A.

Wave interactions = events.

The CTM propagates each wave (node) undisturbed till it interacts
(collides) with another. In the CTM there are no time-steps, only
events. Each event affects only the two colliding nodes. In principle,

triple (and higher) order collisions are possible, but such things have
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(essentially) zero probability. Thus we will not consider them in the
description here — though the CTM has no particular problem with

such events, as should be clear from point 5 below.

5e Riemann problem at an event.
The CTM procedure at an event is very simple. Right there the col-
liding nodes become one, and the local situation is that of a Riemann
problem that needs solution. Thus, the DRS is invoked, the colliding
nodes are replaced by the ones produced by the DRS, and the algorithm

goes forward till the next event happen. Figure 2 illustrates this.

tNC+ 1—

tne —

Xj-1(tn) Xi(tn) Xi+1(tn) Xi+2(tn)

Figure 2: Cartoon of the CTM space-time structure, assuming that each
wave-interaction Riemann problem produces exactly two waves. The picture
starts at some arbitrary time ¢,, with a given set of propagating waves.
The first interaction time txc after ¢, (before which the algorithm takes no
action) is defined as the earliest time for a wave collision. Here this involves
the nodes propagating from z;(t,) and z;11(¢,). At this point a Riemann
problem is solved, the interacting nodes are replaced by the waves produced
by the DRS solution, a new state is inserted into the flow (i.e. (11, Tit1)),
and the algorithm proceeds. The next collision occurs at time ¢ncy1, where
the process is repeated. The solution is constant in each colored polygon.

The items listed above, modulo the details of how expansion fans are dis-
cretized (see subsection 4.1), gives a fairly complete description of the method.
There are, however, several important further points to consider, as

follows:
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6e Riemann problems at events are “special”.
The Riemann problem that must be solved at an event is not an “ar-
bitrary” Riemann problem, but results from the interaction of two
waves — both of which are known. Furthermore, the large majority
of the wave interactions involve only “weak” waves, or a “weak” and a
“strong” wave. This situation can be exploited, to make the solution

of these problems more efficient — see subsection 4.2.

7e Lack of grid-noise and interaction-noise generation.
A direct benefit of the grid strategy used, and the lack of any cell
averaging, is that no parasitic waves are generated as strong shocks
move through a grid, a common problem [6, 30, 54]. In addition, no

spurious entropy is generated by shock interactions [12, 48].

8e No smearing of contacts and rarefaction fan edges.
The slow diffusion of contact discontinuities [10, 13, 16] and rarefaction

fan edges, by numerical viscosity, is not a problem.

9e Node proliferation problem.
A potential problem for the CTM grid strategy is that of node prolif-
eration, as new waves are born and are inserted into the flow. This
in itself is not a problem (since the algorithm does nothing with the
nodes, unless they interact), but it can be one if it gives rise to wave

interaction proliferation.

10e Wave interaction (event) proliferation problem.
We have already mentioned this problem in the introduction — see the
discussion following item f there. Let us point out here that one factor
reducing the number of interactions is that waves of the same family °
tend to have collisions well separated (since, in the smooth parts of the

flow, their space-time paths are nearly parallel).

9Note that the waves, when weak, are just the way this method represents character-
istics.
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11e Error control.
There are two ways in which errors are controlled in the CTM. One
occurs at the algorithm initialization (see item 3), via how well the
initial conditions are approximated on the initial grid. The second
is provided by the parameter Apgrg introduced in item 2: the smaller
Aprs, the better the approximation by the DRS of the rarefaction fans.
We note that the parameter Apgrg also appears in the developments of

subsection 4.2 — in particular, see item A there.

The following subsections complete the CTM description by: (i) giving the
details of how the DRS treats rarefaction fans — item (2) above; and (ii)
showing how knowledge of the waves colliding at an event can be used to

simplify the solution of the resulting Riemann problem — item (6) above.

4.1 Rarefaction Fans

In this subsection we describe how rarefaction fans are discretized by the
Discrete Riemann Solver for the p-System. A very simple (though perhaps
not optimal) strategy for how to deal with fans in the DRS is presented. The
approach is based on the fact that Riemann invariants are available for the
p-System, and so it is particular to this case. At the end of the subsection
we consider the issue of how to generalize the approach to general systems.

First of all: small enough rarefaction fans are simply treated as propa-
gating discontinuities (what, precisely, small means here will become clear
in the discussion that follows). We call these discontinuities characteristic
waves or numerical characteristics, as in fact they are a discrete numerical
approximation to the characteristics that carry the rarefaction wave. Larger
rarefactions are decomposed into several smaller discontinuities, each moving
along its own path. The specific details of how the fans are split into smaller
pieces are not too important, as long as the smaller parts are roughly the

same “size”. The simplest way to split rarefaction fans occurs when Riemann
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invariants are available for the conservation laws. In this case, the fan is split
in such a way that the jumps in the Riemann invariant corresponding to the

fan are all of equal size.

Figure 3: Discretization of right-facing rarefaction fan with 6 constant state
wedges and 7 characteristic waves.

As an example, consider the p-System and a right (i.e. carried along the
characteristics with speed A\g = u + ¢) rarefaction fan, as in figure 3. In this
case the left invariant is constant (say: s = sg) throughout the fan, while
the right invariant changes from a value r = r,, (on the right, or head of the
wave) to a value 7 = r; (on the left, or tail of the wave). Let now N be the
smallest integer such that Ar = |ry—74|/(N+1) < Aprs, where Apgg is the
numerical parameter introduced in item 2 at the beginning of this section.
Then discretize the fan into N cells/wedges of constant states and N + 1
“characteristic” waves, as follows below (figure 3 illustrates the process for a

case where N = 6).
e The value of s is constant throughout, s = s,.

e The value of r is equi-distributed along the cells, jumping by an amount
Ar across each of the numerical characteristic.

e Each of the numerical characteristics has a speed which is the average

of the characteristic speeds Ag = u + ¢ on each side of the wave.

The process is entirely similar for a left-facing rarefaction fan. In this way a

continuous centered rarefaction fan is replaced by N +1 characteristic waves,
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separated by N wedges where the solution is constant. Note that each of the

numerical characteristics is a simple wave discontinuity.

In the general case, without Riemann invariants, the process is the same
(split rarefaction fans into sequences of constant state wedges, separated by
small discontinuities), but the implementation is a bit more complicated [49,
50]. Each of the small discontinuities is still a simple wave, and the jumps
across them are all equal in some appropriate measure (there is no Riemann

invariant that can be used for this purpose, so other means are needed).

4.2 Event Riemann problems

In this subsection we consider the event Riemann problems, as functions of
the interacting waves and their types. The main point of this subsection is to
describe how to use the information about the interacting waves to produce
a faster Riemann solver'?. The idea is as follows: First, each wave (node) in
the CTM is assigned a type, which the algorithm keeps track of. The type of
a wave is set when created, and kept till the wave is destroyed at an event.

The types are:

A o Numerical characteristics.
We will also call them characteristic waves, or just characteristics. They
are small size, and they approximate the true characteristics of the
system — carrying information about the continuous parts of the flow.
These waves are simple wave discontinuities, with the jump in the cor-
responding Riemann invariant smaller than Apgs. They are produced
when rarefaction fans are discretized (see subsection 4.1), at algorithm
initialization (from the smooth parts of the initial conditions), and at

wave interaction events (see the rest of this subsection).

10This an “optional” process. A plain Riemann solver can be used at each interaction,
ignoring the available wave information — at a considerable efficiency cost.
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Be True discontinuities.
These are arbitrary size, and represent the true discontinuities that the
solution has — they can either be shocks or contacts (sub-types). They
arise from the initial conditions, from interactions involving other true
discontinuities, or from the wave breaking produced by the nonlinearity
in the system (see the rest of this subsection, in particular item C, in
subsubsection 4.2.2). We will frequently abbreviate their name to just

“discontinuities”.

The type (and sub-type) information is used at a collision (event) to simplify
the solution by the DRS (Discrete Riemann Solver). The possible wave-wave

interactions that can occur are as follows:
1 e The two colliding waves are both true discontinuities.

2 e The two colliding waves are both numerical characteristic waves. This
is, by far, the most common type of event. It is also the one for which

the DRS simplifications are the largest.

3 e The colliding waves types differ: a true discontinuity with a numerical

characteristic.

In the next few sub-subsections we consider each of the situations enumerated
above (for the p-System). In each case we show what the DRS solution is,
by describing:

4 e What types (and sub-types) of waves are produced, and what their

velocities are.

5e The values of the dependent variables in the wedges between pairs of

produced waves.

The presentation here is only for the p-System, without phase transforma-
tions, and so there are only two kinds of discontinuities: shocks and contacts
— with the contacts arising because we allow the waves to propagate through

different materials (see the end of section 3). Phase transformations will be
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considered in [52]. A final point to be made is that, while the idea of using
information about the waves colliding at an event to speed up the DRS is
general, the specific details of how this is done are system dependent. This
is because the speed up is produced by the fact that we can predict which
waves will be produced by the interaction, based on which waves collide there

— which is a system dependent property.

4.2.1 Event is the collision of two discontinuity waves

There is no particular simplification possible in this case, and a full DRS
solution must be done. Specifically, the solution of the Riemann problem at
the wave interaction location is computed using a standard Riemann solver,
and then any rarefaction fans present in the solution are discretized as ex-
plained in subsection 4.1. Fortunately these are the less frequent types of
events, so the fact that no simplification is possible has little effect on the

computational speed.

4.2.2 Event is the collision of two characteristic waves

There are two sub-cases to consider,

C, e The two characteristic waves that collide are from different families.

That is: a head-on wave collision — see figure 4 (left).

C, e The two characteristic waves that collide are from the same family.
That is, we have convergence of characteristics, with one wave in the
pair overtaking the other — see figure 4 (right). This type of event is
the manifestation of the nonlinear steepening, leading to wave breaking

and shock formation in the solution.

Case C; (See the left panel in figure 4 for the notation).
In this case the solution by the DRS consists of two characteristic waves: (i)

WP, belonging to the left family — characteristic speed \;, = u — ¢, and (ii)
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Figure 4: Collisions of characteristic waves event. On the left a head-on
collision (case Cj) of characteristics from different families. On the right
a convergence collision (case Cs) of characteristics from the same family.
Characteristic waves are drawn with dashed lines and discontinuities with
solid lines. In each case two input characteristics waves (W} and W}) par-
ticipate in the interaction, and a pair of output waves (W2 and W§) are
produced. The states to the left and right of the intersection point are de-
noted by ¥ = (s, r1), and X g = (Sg, rr), respectively. The middle state
(produced after the collision) is denoted X = (sas, 7a). The method used
to assign numerical values to ¥, and the wave velocities is given in sub-
subsection 4.2.2. The head-on interaction on the left produces two outgoing
characteristic waves (one for each family). The characteristic-convergence on
the right produces a discontinuity (shock wave) in the same family as the
colliding characteristics, and a characteristic wave in the other family.

WE, belonging to the right family — characteristic speed Ag = u + ¢. Each
wave has a velocity which is the average of the corresponding characteristic
speeds for the (constant) states on each side. The state in the wedge between
the outgoing waves follows from the fact that the right Riemann invariant
r should be constant across the left family wave W2, and the left Riemann
invariant s should be constant across the right family wave W§. Thus the

middle state is given by

(SM,TM) = (SR,TL)- (15)
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We must check that the outgoing waves have strengths below the threshold
Apgrs. This is easy, as the same argument leading to (15) shows that the
state in the wedge between the incoming waves must be given by s = sy and
r = rr. Because the incoming waves are numerical characteristics: |r,—rg| <
Apgs and |sp — sg| < Apgrs, which proves the point.

We note that this solution is only an approrimate solution. However, the
error is consistent with the order of the method: it is second order in the
“size” of the characteristic waves, which is the actual parameter controlling

the numerical error, and has a user selected upper bound Apgs.

Case C, (See the right panel in figure 4 for the notation).

The first thing we must show is that this situation can only arise in a com-
pressive region of the flow, showing that the CTM truly represents nonlinear
steepening and wave breaking. For definiteness, let us assume that the con-
verging characteristics belong to the right family — with characteristic speed
Ar = u + c (the other possibility is treated in an entirely similar fashion).
Then the left Riemann invariant will be constant throughout the incoming
flow: s;, = s, = sg, where we use the x subscript to indicate values in the
wedge between the incoming waves!!. The convergence of the waves implies
that (Ar)r+ (Ar)« > (Ar)«+ (Ar)r, as follows from the rule for the numerical

characteristics propagation speed. That is to say, we must have:

(Ar)L > (ArR)r = pL>pr, PL>DpPr, uL>ug, and 7L >7Tg,
(16)
where we have used the result in equation (12). This proves the desired
result.
In this case the solution by the DRS consists of two waves:

(i) W2, a left numerical characteristic — characteristic speed A\ =
u — ¢, and

(i) Wg, a right shock wave.

HThat is, we have a simple wave situation — see equation (12).
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Even though W§ is a rather weak shock wave, it is rather important that it
be designated as so — otherwise the process by which shock waves are born
from a smooth flow would not be properly captured by the algorithm.

In order to determine the parameters for the outgoing waves, we note that
across the outgoing left characteristic wave, the right Riemann r invariant is
constant. Thus 73, = r;. Then, using the Rankine-Hugoniot equation (8)

for the outgoing shock, we obtain:
(ur = unm)® = = (Ve = vu) (PR — Pmr) - (17)
But uy + Iy =27y = 27, so we can write:
(I(vm) — 211+ ug)? + (VR — vm) (Pr — P(vm) = 0, (18)

where p and [ are as in (2) and (11). This is a (scalar) nonlinear equation for
vMm, Which must be solved numerically. This is easy, since vy; must be rather
close to vi, — the wave WP is very weak. Once this is done, the rest of the
unknown quantities (e.g. the wave speeds) follow easily.

As in case Ci, the DRS solution presented here is approximate. The
error is, again, consistent with the order of the method. In fact, better than
this, since the error originates from the approximation of the W wave by a

numerical characteristic, and WP is very weak, of size O((Aprs)?).

Remark 1 Consider the particular case where the value of the right Rie-

mann tnvariant in the wedge between the incoming waves satisfies either:
Ty > TL or TR > Ts. (19)

Then the wave WP in the (approzimate) solution can be eliminated, with
the state behind W3 given by (s,r) = (sp,r1), and with W§ a numerical
characteristic (not a shock) — note that s;, = sg, as pointed out earlier. This

can be done because the conditions (19) — together with |r;, — r«| < Apgs,
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Irr — 7| < Aprs, and the fact that v, > rr — guarantee that |rp — rg| <

Apgs.

On the other hand, r;, > 1. > TR can cause the strength of W§ to exceed

Aprs, and there is no choice but to make ng a shock wave.

We note that the extra simplification provided by the observations in this
remark are not too significant, as the number of events where they apply is

(typically) rather small.

Beyond this point, rrr has not gone (IN THIS
SECTION ONLY).

4.2.3 Collision of a Characteristic Wave and a Discontinuity

In this subsection we consider the third and most complicated CTM wave
interaction. This is the situation where one of the colliding waves is a dis-
continuity wave and the other is a characteristic wave. The method used to
propagate the flow forward from the point of intersection depends heavily
on the true characteristic structure of the actual wave represented by the
discontinuity wave'? and the direction that each wave is traveling when it
collides. Here we consider several representative examples to demonstrate
the procedure used in each case.

As a first example, consider a right-facing shock that collides with either
a left-facing or a right-facing characteristic wave. The algorithmic procedure
performed in either case is the same but for concreteness see figure 5 (left)

for a diagram of the situation where the characteristic wave is left facing. As

12Types of discontinuous waves considered in this paper include shocks, contact discon-
tinuities, and phase transformation fronts.
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Figure 5: Example CTM waves produced when a characteristic wave and a
discontinuity wave collide. The discontinuity wave is a shock (left) and the
discontinuity wave is a contact discontinuity (right). Characteristic waves
are drawn as dashed lines, discontinuity waves are drawn as solid lines. The
head-on collision of a shock and a characteristic produces a shock and a
characteristic. The head-on collision of a characteristic and a contact dis-
continuity produces three waves, a left-facing characteristic, a right-facing
contact discontinuity, and a right-facing characteristic wave.

motivation, we note that physically the characteristic structure of a right-
facing shock is such that the C characteristics converge on the shock from
both sides, while the C'_ characteristics pass through. At the CTM wave col-
lision, we produce a right-going discontinuity wave (shock) and a left-facing
characteristic wave as shown in figure 5 (left). As before we must specify the
values assigned to the middle state and speeds to the two CTM waves. In
this case the middle state and two CTM wave velocities are constructed ex-
actly as in the case when two characteristic waves of the same family collide,
see subsection 4.2.2 for explicit formulas for their calculation.

In this example the true characteristic structure of shocks was used to
motivate the choice of CTM waves produced from this intersection. In the
next example, the characteristic structure of the entering discontinuity wave
allows both left and right-facing characteristics to emanate from the inter-
section point.

As a second example consider the case that occurs when the discontinuity

28



wave is a contact discontinuity. For a specific example with a left-facing char-
acteristic wave, see figure 5 (right). The characteristic structure of a contact
discontinuity is that the true characteristics of the flow from both families
pass through the contact discontinuity. When a numerical characteristic wave
and a contact discontinuity collide the CTM specifies the production of a
left-facing characteristic wave, a right-facing characteristic wave and a cen-
tral contact discontinuity. This wave structure is shown in figure 5 (right).
It remains to specify the values assigned to each of the states. To this end we
proceed as follows: across the outgoing left-facing characteristic wave W2,
the right-going Riemann invariant is constant, and across the outgoing right-
facing characteristic wave W0 the left-going Riemann invariant is constant.

These two conditions give constraints for the “middle” invariants of
rML =TL, and SMR = SR - (20)
Across the contact discontinuity, physically, two equations hold
p(larr) = p(lyr) and UpmL = UMR - (21)

When these equations are written in terms of the Riemann invariants (r,s) on

either side of the contact discontinuity, we obtain the following two equations

p(smr +rmr) =p(Smr +TMR) 5 (22)

and

UML = TML — SML = TMR — SMR = UMR - (23)

Equation (23) can be solved for one of the unknown invariants, either sy,
or rprr. Here we choose to solve for r3;r and substitute this relation into

equation (22) obtaining
p(smr +7mr) =p(25mr — SmL + TML) - (24)
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Figure 6: (x,t)-diagram for Barker-Hollenbach experiment number 1.

This is one equation for the single unknown invariant, sy;;, that can be nu-
merically solved once an equation of state is specified. With s;,;, determined,
the states (in terms of the invariants) between all the waves are now specified.
The specification of the wave velocities completes the required algorithmic
description. Physically, contact discontinuities travel at the fluid velocity
through which they pass, which is equivalent to velocities in either X,
or Y rg since they are restricted to be the same by equation (23). The veloc-
ities of each characteristic wave are computed in the same way as they are
in the case of a head-on collision of two characteristics,

Other types of discontinuous waves, besides those presented above, are
treated in a similar manner. For example, in [51] the characteristic tracking
method is used to solve the hyperbolic equations produced in an investigation
of high pressure phase transitions in iron. There a different type of wave

called a phase-transition wave is found. This phase transformation wave is
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Figure 7: Possible right facing waves, and their characteristic structure for the
compressive branch of the Riemann problem arising under an equation of state
given by equation (13). The initial states are represented as X% = (p,, u,) and
Y% = (py,up). From left to right, the state ¥.° belongs to: (a) The first com-
pression sub-branch; (b) The second compression sub-branch; and (c¢) The third
compression sub-branch. The trajectories of discontinuity fronts are represented
by thick lines and the C', characteristics by thin lines. This figure was borrowed
with permission from [?].

a type of “under-compressed” shock wave. The characteristic structure of
these waves is such that the characteristics of the same family as the wave
converge onto it from behind but not from ahead (see figure 7 (b)). In this
paper we will not develop the mathematical equations used in handling this
complication but will present all results for waves of this type including how
to change the waves type as the flow evolves in another paper [52].

In the next section we present algorithm results using the CTM. The
results show the assertions made in the introduction of this paper. Namely,
the resolution of shocks, contact discontinuities, and phase transformation
fronts to one node of resolution. Also shown will be the single point resolution

of rarefaction fan edges and boundaries between simple waves.

5 Algorithm Results

As stated earlier, the CTM was developed and (first) implemented for a hy-

perbolic system that models martensitic phase transformations under shock
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loading — see [3, 4, 51] and subsection 3.2. In these type of situations,
a phase transformation is triggered in a material by the passage of a very
strong'® shock wave. The wave is produced by impacting the sample ma-
terial with a rapidly moving plate — see “flyer plate experiments” in [9)].
Typically: a cylindrical sample of (say) iron is impacted on one end by a
very fast moving cylinder (impactor) of (say) copper. Then the position of
the other end of the sample cylinder is recorded as a function of time (this is
the data provided by the experimental measurements). The challenge is to
predict this measured position in terms of a theoretical description of what
happens inside the sample.

In the “simplest” model (where a one dimensional approximation is made,
and only longitudinal motions along the cylinder axes are considered), the

mathematical description of the problem to be solved is as follows:

1. A mathematical model for the behavior of the materials (both sample
and impactor) is given. In our case: the p-System in section 3, with
the equations of state in subsection 3.2, as well as an equation of state

for the impactor material.

2. Initial data for the model are provided. Time ¢ = 0 corresponds to
the moment of impact, when: (i) The pressure is constant (ambient)
throughout both the sample and the impactor. (ii) The velocity is
identically zero on the sample (to the right of the impact point, with
the coordinates we use). (iii) The velocity is identically constant on
the impactor (to the left of the impact point), and equal to the velocity
the impactor cylinder had right before impact.

3. Boundary data are provided at the right end of the sample and at the
left end of the impactor. These are modeled as contact discontinuities,

with vacuum on the other side.
13Strong in the sense that the pressure behind the shock wave is enormous relative to the
(ambient) pressure ahead. As it turns out, as measured by the Mach numbers, the wave

is not so strong, with Mach numbers relative to the flows ahead and behind satisfying:
My < 1.7 and M; > 0.6.
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Figure 8: Space-time diagram for the Barker-Hollenbach experiment num-
ber 1, where phase transitions involving a-iron and e-iron are triggered by
shock loading (see description in the text). The horizontal (space) axis is
in mm and the vertical (time) axis is in ps. The keys used to represent
the various types of waves that arise in this computation can be found in
equation (25).

4. Finally, the problem is solved and a prediction for the position of the
right end of the sample is made (which can be matched against the
experiments). This involves resolving all the waves that result from

the impact, as well as their interactions.

For the purpose of illustrating how the CTM works in practice, in this sec-
tion we present some of the numerical results obtained in our research on
martensitic phase transformations under shock loading. To be precise, we
will show the results of computations modeling the situation in the “first im-
pact experiment” of Barker and Hollenbach [1]. This particular computation

was selected because in it all the various types of wave interactions that the
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characteristic tracking method is designed to deal with occur. We note that,
in addition to shocks, contact discontinuities, and numerical characteristics,
phase transformation fronts arise. These involve either: (1) Transitions from
austenite (a-iron) to martensite (e-iron), which we call forward transforma-
tion fronts; and (2) Transitions from martensite to austenite, which we call
backward transformation fronts. We will not describe the details of these
w

st
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Figure 9: Magnification of a region in the space-time diagram for the Barker-
Hollenbach experiment in figure 8. This region shows the interaction of a left
rarefaction fan with a forward transformation front. The horizontal (space)
scale is in mm, and the vertical (time) scale is in us. The notation conventions
in equation (25) are used.

Figure 8 presents a space-time diagram showing all the wave interac-
tions that occur in this experiment. Both numerical characteristic waves and

discontinuous (shocks, contacts and phase transformation fronts) waves are
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shown. The following notation conventions for the line markings showing the

various waves are used in this figure, and the ones that follow it:

Shocks are printed with thick solid black lines.

Contact discontinuities are printed with thick dot-dashed black lines.

Numerical characteristic waves are printed with thin gray lines.

A A

Constant state regions are in pure white.

(25)
In figure 8, the locations and widths of several centered rarefaction fans and
compressive simple waves can be clearly seen. Since a most interesting effect
takes place when a reflected!* fan interacts with a right forward transforma-
tion wave, we show this region magnified in figures 9 and 10, and spend some
time discussing the waves there.

In figure 9 we see that the interaction of the rarefaction fan and the
forward transformation front produces several waves. A left and right simple
waves are produced, along with a backwards phase transformation. The left
simple wave is expansive, and the right simple wave is compressive. Both
show up in the calculation as groups of left (or right) numerical characteristic
waves. Note that regions where the solution is constant are shown in pure
white. A net, important, result of all these interactions is to “turn around”
the phase transformation wave, from a right forward transformation front
into a left backward transformation front. Thus, the phase transformation
never reaches the right edge of the sample.

In figure 11 we see C' discontinity correspoinding to changes in simple
wave types.

It is interesting to observe that the right simple wave (compressive) breaks

“From the right end of the sample, as a result of a shock interacting with the contact
discontinuity there.
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Figure 10: Further magnification of the interaction region shown in figure 8.
The horizontal lines indicate the times at which the pressure profiles shown
in figures 12 through 16 occur. The interaction of a left rarefaction fan with
a forward transformation front is shown. The horizontal (space) scale is in
mm, and the vertical (time) scale is in ps. The notation conventions in
equation (25) are used.
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Figure 11: Blow up of C! discontinuities inside the simple waves. The top
arched portion from 5.25 <t < 6.5 is compressive, the middle portion from
5.0 < t < 5.25 is expansive, the bottom portion from 3.0 < ¢t < 5.0 is
compressive again. It is the codes behavior with corners I want to emphasize
more.
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on its way to the free surface, and a shock is produced — this is clearly seen
in figure 9. This shock first starts at the crossing of two right numerical
characteristics,'® and then grows in strength as more right numerical char-
acteristics converge towards it. At each interaction of the shock with a right
numerical characteristic, a (rather weak) reflected left numerical character-
istic is produced — these can also be clearly seen in figure 9. The rates of
change of the state variables are directly related to how close the numerical

characteristics are; thus the “grey areas” in the figure are regions where rapid

-1 I I B B S

15— - 15—

2 I . | . |
X ~ 5625 6.25 6.875
x (mm) x (mm)

Figure 12: Pressure plots for the interaction of a rarefaction fan with a
phase transformation front. The times correspond to the horizontal lines in
figure 10. Times ¢ = ¢; on the left and ¢ = 5 on the right. The horizontal
space-scale is in mm, and the vertical pressure-scale is in Giga-Pascals.

Finally, in order to show the details of the solutions (and how they are
captured by the code), we show the pressure profiles (p as a function of z)
near the interaction region for ten different values of time. The times selected
are indicated in the space-time diagram of figure 10 by horizontal (constant

time) lines. The pressure profiles are shown in figures 12 through 16.

(t1) In the plot for time ¢ = ¢; we see the left rarefaction fan approaching

the right forward phase transformation front.

(t2) In the plot for time ¢ = t» the two waves have just collided, and a

15Gee subsection 4.2.2, case Cs.
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Figure 13: See figure 12 caption. Times ¢t = t3 on the left and ¢ = ¢4 on the
right.

15
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Figure 14: See figure 12 caption. Times ¢t = t5 on the left and ¢ = 5 on the
right.

| . L o |
5.625 6.25 6.875
x (mm)

n 1
6.25 6. 3.75 4.375

Figure 15: See figure 12 caption. Times ¢t = ¢7 on the left and ¢ = 3 on the
right.
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Figure 16: See figure 12 caption. Times t = tg on the left and ¢t = ¢1y on the

right.

(t3)

(t4)

(ts)

(t6)

bit of the rarefaction fan has been transmitted through the forward

transformation front.

In the plot for time ¢ = £3 much more of the rarefaction fan can be seen
behind the forward phase transformation font. Further, the forward
phase transformation has a much diminished magnitude, and we can
see a reflected right compressive simple wave beginning to show — this
as a slight change in the slope of the p versus z curve ahead of the

transformation front.

In the plot for time ¢ = ¢, the right forward transformation front has
weakened to the point that the jump in the pressure has vanished. Thus
the front has become a contact discontinuity between the two phases.
This is the time at which the transformation front changes type, and

reverses direction.

In the plot for time ¢ = t5 the contact discontinuity seen in time ¢t = t,
has evolved into a weak left backwards transformation front, while the

reflected right simple wave from the interaction in beginning to steepen.

In the plot for time ¢ = t5 the process described for time ¢ = ¢5 contin-

ues.
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(t7) In the plot for time ¢ = ¢; the right simple compressive wave continues

its steepening.

(ts) At time ¢t = tg the right simple compressive wave breaks, and a weak

right shock appears.

(to) In the plot for time ¢ = t9 one can clearly see: (i) The two components of
the transmitted simple wave; (ii) A fully developed left backwards phase
transformation front; and (iii) The three components of the reflected
simple wave, namely: two compressive fans converging into a right

shock wave.

(t10) The plot for time t = 19 corresponds to a time slightly before the newly
developed right shock strikes the free surface (right end of the sample).

6 Conclusions

In this paper we developed the Characteristic Tracking Method (CTM) a
numerical method for integrating nonlinear hyperbolic conservation laws in
one dimension. The CTM was developed and demonstrated for a specific
instance of the p-System encountered during the investigation of high pres-
sure phase transitions in metals [3, 4, 51]. There the CTM was shown to
produce very accurate approximations to the solutions — which include in-
teractions of shocks, rarefaction fans, compressive simple waves and phase
transformation fronts. Work is currently underway to generalize and apply
this algorithm to other systems of interest (such as the Euler equations of

gas dynamics).
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